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Abstract
For k,m > 0, and ¢ € Z™, we consider ILP problems

max{ch: Az =b, € Zgo} with A € ZkX", rank(A) =k, b € 7Z* and
max{c'z: Az < b, z € Z"} with A € Z"T¥*" rank(A) = n, b € Z"T*.

The first problem is called an ILP problem in the standard form of the codimen-
sion k, and the second problem is called an ILP problem in the canonical form
with n+ k constraints. We show that, for any sufficiently large A, both problems
can be solved with

2°® . (fua - A)2/2Q(m)

operations, where fr.a = min{kk/z, (logk - log(d + k))k/2}, d is the di-
mension of a corresponding polyhedron and A is the maximum absolute value
of rank(A) X rank(A) sub-determinants of A. Our result improves the best
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previously known computational complexity bound
(log k:)o(k2) CAZ%. polylog(A, n, k).

As our second main result, we show that the feasibility variants of both problems
can be solved with

29 L fra - A - log®(fr,a - A)
operations. The constant fi,q can be replaced by other constant gr,a = (log k-
log(ch))k/2 that depends only on k and A. Additionally, we consider different
partial cases with k = 0 and k& = 1, which have interesting applications: the
expected ILP computational complexity with respect to a varying right-hand side
b, ILP problems with generic constraint matrices, ILP problems on simplices.
Based on our results with respect to small k, we present refined computational
complexity bounds for these applications.
As a result of independent interest, we propose an n>/ 29( Viegn) -time algorithm
for the tropical convolution problem on sequences, indexed by elements of a finite
Abelian group of the order n. This result is obtained, reducing the above problem
to the matrix multiplication problem on a tropical semiring and using seminal
algorithm by R. Williams. Additionally, we give a complete, self-contained error
analysis of the generalized Discrete Fourier Transform for Abelian groups with
respect to the Word-RAM computational model.

1 Introduction

Let us first define two ILP problems of our interest:

Definition 1. Let A € Z"*", rank(A) = k, c € Z", b € ZF. Assume additionally that
k x k sub-determinants of A are co-prime, we will clarify this assumption later (see
Remark 1). The ILP problem in the standard form of the co-dimension & is formulated
as follows:

CTZE — max

A =
{ v=b (ILP-SF)
x €ZLxg-

For simplicity, we assume that dim(P) =n — k, for the corresponding polyhedra P =
{zr e RYy: Az = b}.

Definition 2. Let A € Z"H>X" rank(A) = n, ¢ € Z", b € Z"*. The ILP problem
in the canonical form with n + k& constraints is formulated as follows:

CTZL' — max

<
{Ax =0 (ILP-CF)
reZ".



For simplicity, we assume that dim(P) = n, for the corresponding polyhedra P = {x €
R™: Az < b}.

Why do we consider both formulations in our paper? We will give a detailed answer
in Section 3. We study the computational complexity of these problems with respect
to n, k and the absolute values of sub-determinants of A. Values of sub-determinants
are controlled, using
Definition 3. For a matriz A € Z"" and j € {1,...,k}, by

Aj(A) = max {|det(Az )|« TC {1, .k}, T C{L,...,nh,|T] =1T] = j}

we denote the maximum absolute value of determinants of all the j X j sub-matrices
of A. By Agca(A,j), we denote the greatest common divisor of determinants of all
the j x j sub-matrices of A. Additionally, let A(A) = Apank(a)(A4) and Agea(A) =
Agea(A,rank(A)). A matriz A with A(A) < A, for some A > 0, is called A-modular.
Note that A1(A) = || Al|max-

For the sake of simplicity, we will use the shorthand notations A := A(A), A; :=
A1(A), and Ageq 1= Ageda(A) in the further text. Additionally, we use the notation
d to denote the dimension of a corresponding polyhedron and ¢ to denote the input
size of the corresponding problems. For the problem ILP-SF, we can assume that
o= O(k: -n - log a), where « is the maximum absolute value of elements of A, b, and
c. Similarly, for the problem ILP-CF, we can assume that ¢ = O(n “(n+k)-log a).

The seminal paper [1] of K. Jansen & L. Rohwedder states that the problem ILP-SF
can be solved with

Ot - a2k 22 (VIEST) gy
operations, where T1,p denotes the computational complexity to solve the relaxed LP
problem. Putting k = 1, it leads to an O(n + A%/QQ(VIOgAl))—time algorithm for the
unbounded knapsack problem. For the feasibility variant of the problem ILP-SF, the
paper of K. Jansen & L. Rohwedder presents an algorithm, which runs with

O(\/E . Al)k . k/’ . 10g(A1) . 10g(k/’A1) + TLP

operations. Putting k£ = 1, it leads to an O(n + Ay - logQ(Al))—time algorithm for
the unbounded subset-sum problem. The paper of K. Jansen & L. Rohwedder uses a
new dynamic programming technique, composed with the seminal upper bound on
the hereditary discrepancy of A, due to J. Spencer[2] and L. Lovasz, J. Spencer &
K. Vesztergombi [3]. Additional speedup is achieved, using the fast tropical convolution
algorithm, due to R. Williams [4] and D. Bremner et al. [5], for the optimization variant
of the problem, and using a fast FFT-based boolean convolution algorithm for the
feasibility variant of the problem, respectively. Additionally, K. Jansen & L. Rohwedder
proved that their computational complexity bounds are optimal with respect to the
parameter Ay, providing conditional lower bounds.

It is interesting to estimate computational complexity of the considered problems
with respect to A instead of A;. Due to the Hadamard’s inequality, it seems that
such computational complexity bounds could be more general than the computational



complexity bounds with respect to A;. Following to this line of research, the paper [6],
due to D. Gribanov, I. Shumilov, D. Malyshev & P. Pardalos, presents an algorithm
for the problem ILP-SF, which is parameterized by A. Actually, the paper [6] gives
an algorithm for some generalized and harder problem, which, in turn, is equivalent
to the problem ILP-CF.

Theorem 1 (Corollary 9, Gribanov et al. [6]). Any of the problems ILP-CF and
ILP-SF can be solved with

O(log k:)2k2+°(k2) - A? - log?(A) + poly(¢)  operations.

Unfortunately, the paper [6] does not propose faster computational complex-
ity bounds for feasibility variants of the problems ILP-CF and ILP-SF, because of
non-triviality of tropical and boolean convolution-type problems, arising in the com-
putational complexity analysis with respect to the parameter A. In the current paper,
we resolve these difficulties and provide refined computational complexity bounds for
the problems ILP-CF and ILP-SF, and their feasibility variants. More precisely, we
prove
Theorem 2. Any of the problems ILP-CF and ILP-SF can be solved with

90 (k) . <(fk,d A2 22 (Viesiea 5) +poly(¢)>

operations, where
kk/Q
fr,a = min k)2
(logk - log(k + d))

and d is the dimension of the corresponding polyhedron (d = n for ILP-CF and d =
n — k for ILP-SF). The feasibility variant of the problem can be solved with

20(8).. ((fk,d - A) log?(fra - A) + pOlY(¢)> operations.

The proof is given in Subsection 3.1, page 15. The proposed computational com-
plexity bounds are much better than the bound of Theorem 1, for all values of the
parameters A and k, and, especially, for the feasibility-type problems. Moreover, for
some values of n, we can avoid k©(*)-time dependence on the parameter k. Definitely,
for n = 2(log k)o(l), the computational complexity bound becomes

(log k)O®) . 227 (VEES) 4 208 oy ().
And, with respect to the feasibility problem, it becomes
(log k)™ . A - 1og® A 4 290 . poly ().

We also present another complexity bound that has (log k)?*)-dependence on k
for A = 20osH)"



Theorem 3. Any of the problems ILP-CF and ILP-SF can be solved with

9O (k) . ((gk,A : A)2/29(\/m) + poly(¢))

operations, where
k/2
JkA = (1ogk: . log(kA)) / .

The feasibility variant of the problem can be solved with
20(k) . ((gk,A - A) -log® (gr,a - A) + pol‘y(qﬁ)) operations.

A proof is also given in Subsection 3.1, page 15. It will be natural to put forward

the following conjecture, which is true for n = 2(l°g B or A = 20log k)o(l), according

to Theorems 2 and 3.
Conjecture 1. Any of the problems ILP-CF and ILP-SF can be solved with

(log k)OF) . A2 9VIog &) 4 90(K) . 1oly(¢h)  operations.
The feasibility variants of the problems can be solved with
(log k)28 - A - (log A)OM) 290 . poly(¢)  operations.

1.1 Summary of the Obtained Results

The summary of our main results, detailed in Theorems 2 and 3, could be found in
Tables 1 and 2.

Table 1: The computational complexity bounds for the problems ILP-CF and
ILP-SF

|| Reference: | Time:! | Remark ||
ﬂjvr;e;er ﬁ | Ro- O(k)k - A2k j20(vVioEBT) only for TLP-SF
Gribanov et al. 24 o(k2
(6] v O(log k)2k"+o(k7) L A2 . Jog?(A)
I %/2
this work 90(k) (Fea- A)Q/QQ(\/W) fk;i/;} mln{k ) (logk - log(k +
) d)
this work 2000 . (g A - A)2/29(1/log(9k,A»_A)) gen = (logk - log(kA))k/2

IThe additive factor 2" - poly(#) is skipped.

We apply these results to different partial cases with £ = 0 and k = 1: the expected
ILP computational complexity of the problem ILP-CF and ILP-SF with respect to a
varying right-hand side b, ILP problems with generic constraint matrices, ILP problems
on simplices. These applications with the corresponding refined complexity bounds
are discussed in Section 2.



Table 2: The computational complexity bounds for the feasibility variants of the
problems ILP-CF and ILP-SF

|| Reference: | Time:! | Remark ||
Jansen ‘ﬁ] Ro- | 0(VE-A1)* -k log(A1) - log(kAy) | only for ILP-SF
Fé]ribanov et al. O(log k)2k2+o(k:2) LAZ . log2(A)
this work 2009 (fiq- A) - log* (fia - A) 2’)“)’1/?} min (K72, (log k- Tog(k +
this work 200 (g - A) log®(gr.a - A) | gpa = (logk - log(kA))*/?

IThe additive factor 2 - poly(¢) is skipped.

Finally, as a result of independent interest, we propose an n?/ 22(vIogn)_time al-
gorithm for the tropical convolution problem on sequences, indexed by an Abelian
group of the order n. The formal definition of the problem could be found in Section
4, the corresponding result is formulated in Theorem 16. Additionally, we present a
complete, self-contained error analysis of the generalized Discrete Fourier Transform
for Abelian groups with respect to the Word-RAM computational model. The formal
definition of the problem could be found in Subsection 4.2, the corresponding result
is formulated in Theorem 18.

1.2 Conditional Lower Bounds

It turns out that the computational complexity bounds of Theorem 2 can not be sig-
nificantly reduced with respect to the parameter A, assuming the correctness of some
strong hypothesis from the fine-grained complexity theory. This fact is a straight-
forward consequence of the Hadamard’s inequality and following Theorems, due to
K. Jansen & L. Rohwedder [1].
Theorem 4 (K. Jansen & L. Rohwedder [1]). Let k € Z>1. For any € > 0 and any
computable function f, there is not an algorithm that solves the problem ILP-SF in
time f(k)-(n®~=+ (A1 +|[bl| o )?*7F), unless there exists a truly sub-quadratic algorithm
for the tropical convolution.
Theorem 5 (K. Jansen & L. Rohwedder [1]). Let k € Z>y. If the SETH holds, then,
for every € > 0 and every computable function f, there is not an algorithm that solves
the feasibility variant of the problem ILP-SF in time nf®) - (Ay +|b)*~=.

The following corollaries give the desired conditional lower bounds with respect to
the parameter A.
Corollary 1. Letk € Z>1. For any ¢ > 0 and any computable function f, there is not
an algorithm that solves any of the problems ILP-SF and ILP-CF in time f(k)-(n?==+
A%=¢) | unless there exists a truly sub-quadratic algorithm for the tropical convolution.
Corollary 2. Let k € Z>;. If the SETH holds, then, for every € > 0 and every
computable function f, there is not an algorithm that solves the feasibility variant of
any the problems ILP-SF and ILP-CF in time nf(*) . Al=¢,



As it was already noted, the proof is a straightforward consequence of the
Hadamard’s inequality, Theorems above, and the reductions between the problems
ILP-CF and ILP-SF (see Section 3).

1.3 Complexity Model and Other Assumptions

All the algorithms that are considered in our work correspond to the Word-RAM
computational model. In other words, we assume that additions, subtractions, multi-
plications, and divisions with rational numbers of the specified size, which is called the
word size, can be done in O(1)-time. In our work, we chose the word size to be equal
to some fixed polynomial on [logn] + [logk] 4 [log«|, where « is the maximum ab-
solute value of elements of A, b, and ¢ in the problem formulations. Sometimes, when
it is important to specify the exact size of variables, we do this explicitly. Following
[7, Section 4.1], we define the bit-encoding size of an integer number z € Z by the
formula size(z) = 1 + [log,(|z| 4 1)]. For a rational number r = p/q, where p and ¢
are coprime integers, the size is defined by the formula size(r) = size(p) + size(q).
Remark 1. Let us clarify the assumption Ageq(A) = 1, which was done in the ILP-SF
problems’ definition. Assume that Agea(A) =d > 1, and let us show that the original
problem can be reduced to an equivalent new problem with Ageq(A') = 1, using a
polynomial-time reduction.

Let A=P- (S O) - Q, where (S O) € Z¥" | be the Smith Normal Form (the SNF,

for short) of A and P € ZFF Q€ Z"" be unimodular matrices. We multiply rows of
the original system Az = b, x > 0 by the matriz (PS)~'. After this step, the original
system is transformed to the equivalent system (Ikxk 0) -Qx="V,x>0. In the last
formula, b’ is integer, because in the opposite case the original system is integrally
infeasible. Clearly, the matriz (Ikxk 0) is the SNF of (Ikxk O) Q, so its Ngeal:) is
equal to 1. Finally, note that the computation of the SNF is a polynomial-time solvable
problem, see, for example, A. Storjohann [8].

2 Some Applications
2.1 The Case kK = 1 and Generic A-modular Matrices

In this Subsection, we consider ILP problems with the additional assumption that all
rank(A) xrank(A) sub-determinants of A are non-zero. It was proposed by B. Kriepke,
G. Kyureghyan & M. Schymura [9] to call such matrices and corresponding ILP
problems as generic. Generic ILP problems became known due to S. Artmann et al.
[10], where it was shown that generic problems can be solved by a polynomial-time
algorithm, for any fixed value of A.
Theorem 6 (S. Artmann et al. [10]). Let us consider any of the problems ILP-CF
and ILP-SF. Assuming, that the matriz A is generic and A-modular, for some fized
value of A, the problem is polynomial-time solvable.

The key fact that helps to prove Theorem 6 is described in
Theorem 7 (S. Artmann et al. [10]). Let A € Z™ " be a generic matriz with
rank(A) = n. Denote A := A(A). There exists a function f, such that if n > f(A(A)),
then m <n+1.



The original work of S. Artmann et al. gives a very rough estimate on the growth
rate of f. It was subsequently improved in the papers [6, 9, 11, 12]. An asymptot-
ically optimal bound is presented in the work [9] of B. Kriepke, G. Kyureghyan &
M. Schymura. We partially refer their result in the following
Theorem 8 (Theorem 1.3, B. Kriepke et al. [9]). Let A € Z™*" be a generic matriz
with rank(A) =n. If n > 2A(A) — 1, then m <n+ 1.

It follows from Theorem 8 that any instance of the problem ILP-CF with a generic
matrix A and n > 2A — 1 has k < 1. Therefore, due to Theorem 1, it can be solved
with O(A? Jog®(A) +poly(¢)) operations. In the case n < 2A —1, the problem can be
solved by any polynomial-time in a fixed dimension algorithm. We refer to the recent
result, due to V. Reis & T. Rothvoss [13]|, which states that any ILP can be solved
with (logn)?™ - poly(¢) operations. Due to Lemmas 1 and 2 of Section 3, the same
reasoning holds for the problems ILP-SF. As a corollary, we have
Theorem 9 (Consequence of Theorem 8, Theorem 1, and the work [13]). Any of the
problems ILP-CF and ILP-SF with a generic matriz A can be solved with

(log A)°A) . poly(¢)  operations.

As an application of our results, we present a better computational complexity
bound for the case n > 2A — 1 with respect to Theorem 1, especially for the feasibility
variant.

Theorem 10. Any of the problems ILP-CF and ILP-SF with generic matriz A and
n > 2A — 1 can be solved with

A?/29W1e 8) 4 noly (@) operations.
The feasibility variant of the problem can be solved with
oA log?’(A)) + poly(¢) operations.

2.2 The Case k = 0, R. Gomory’s Asymptotic Algorithm, and
Expected ILP Complexity

In the works [14-16], R. Gomory introduces his seminal asymptotic ILP algorithm (for
the full exposition of Gomory’s work and additional algorithmic modifications, see the
book [17] of T. Hu). Applied to the problem ILP-SF, the Gomory’s asymptotic algo-
rithm searches an optimal base B of the LP relaxation and finds an optimal solution
of the local ILP problem

CTZE — max

Az =10
zp € 2" (Local-ILP-SF)

n—=k
Ty € ZZO ,



which can be obtained from the original problem, omitting the inequalities x5 > 0'.
The optimal solution of Local-ILP-SF, in turn, in many situations agrees with some
optimal solution of the original problem ILP-SF. This fact was empirically shown by
R. Gomory in his works. We will not cite exact sufficient conditions, described by
R. Gomory, and just mention that, for any integer ¢t > ty, where ¢, depends on A
and b, the asymptotic algorithm successfully finds a correct optimal solution of the
problem max{c'z: Az =t b, x € Z%,}.

To solve the problem Local-ILP-SF, R. Gomory reduces it to the following group
minimization problem:

w'x — min

d
T+ gi = go
=1

i
d
T e Z>Oa

(Group-Min)

where go, 91, - - ., gq are elements of an Abelian group G, d = n —k, and |G| < A. Next,
R. Gomory shows that the problem Group-Min can be solved by a DP-based algorithm
with O(d |g|) group operations. The group G is explicitly represented as a direct sum
of at most logy A cyclic groups. Consequently, the total arithmetic complexity of the
Gomory’s asymptotic algorithm can be upper bounded by

Trp +O((n— k) -A- logA)

where Tip is the computational complexity to solve the relaxed LP problem?. Due to
the straightforward sorting argument, we can slightly refine the last bound with

TLerO(min{nfk,A}~A~10gA). (1)

Since we do not worry too much about the values of £ and n, when we are working
with the asymptotic algorithm, it can be easily applied to the problem ILP-CF, using
a straightforward reduction. To finish our brief survey of the asymptotic algorithm,
we note that the asymptotic algorithm is much easier to describe and implement,
when it is initially applied to the problem ILP-CF. The full exposition of the R. Go-
mory’s approach from this point of view can be found in the work [6, pages 48—61] of
D. Gribanov et al.

Further, it is natural to wonder about the applicability of the Gomory’s asymptotic
algorithm in some probabilistic or averaging setting. Research in this direction was
done in the works [6, 11, 18, 19]. We will follow to Gribanov et al. [6], which gives a
slightly refined analysis with respect to the paper [11], due to J. Paat, M. Schloter &
R. Weismantel, where a probabilistic approach was applied for the first time.
Definition 4. Let us consider the ILP-CF problem. Let B be some optimal base of the
corresponding relaxed LP problem. The ILP-CF problem is local if the set of its optimal

YHere, B := {1,...,n}\ B.
2Here we additionally assume that LP is harder than the matrix inversion problem.



solutions coincides with the set of optimal solutions of the following local problem

CTZL' — max

<
{ABSC <bp (Local-ILP-CF)

zel",

which is constructed from the original problem, omitting all the inequalities, except
Az < bg.
Definition 5. Let Q, = {b € Z": ||b||cc < t}. Then, for ACZ", we define

| ANQ,,|

Pr,+(A) = and Pr,(A) = liminf Pr, ,(A).

‘th‘ t—o0

The conditional probability of A with respect to G is denoted by the formula

Pr,(4]) = ),

As it was noted in [11], the functional Pr,, (A) is not formally a probability measure,
but rather a lower density function, found from number theory. Additionally, we will
use the symbol Pr instead of Pr,, when the value of n will be clear from the context.
Theorem 11 (Theorem 17 in D. Gribanov et al. [6]). For fized A and ¢, denote the
problem ILP-CF with the right-hand side b by ILP-CF(b). Let

F = {b: ILP-CF(b) is feasible},
G = {b: ILP-CF(b) is local}.

Then Pr(G | F) =1.

Note that a similar Theorem is valid for the ILP-SF problems. We only need
to define the class of local ILP-SF problems in accordance with the problem
Local-ILP-SF.

By definition, any local ILP-CF problem is equivalent to the problem
Local-ILP-CF. In turn, the last problem can be solved using Theorem 2. Combin-
ing the algorithm of Theorem 2 with the Gomory’s DP-based group minimization
algorithm, we get the following
Corollary 3. In terms of Theorem 11, with Pr = 1, any of the problems ILP-CF(b)
and TILP-SF(b) can be solved by an algorithm with the arithmetic complexity bound

. d-Alog A,
0] (mm {Az/szg\/m) + poly(¢),

where d :==n for ILP-CF and d :==n — k for ILP-SF.
The new computational complexity bound is better than the bound (1) for the
cases, when d = Q(A/ polylog(A)).

10



2.3 The Case k£ = 1 and ILP on Simplices

One of the simplest ILP problems, which still remains NP-hard, is the ILP problem
on an n-dimensional simplex. We consider the simplices, defined by systems of the
type ILP-CF, since this definition is more general than ILP-SF (a clarification of this
is given in Section 3). We call a simplex, defined by a A-modular system ILP-CF, as
a A-modular simplex.

Surprisingly, many NP-hard problems, restricted on A-modular simplices with A =
poly(¢), can be solved by a polynomial-time algorithms. Due to Theorem 1, the integer
linear optimization problem can be solved with O(A?- log®(A) + poly(¢)) operations.
Due to Gribanov & Malyshev [20] and a modification from Gribanov, Malyshev &
Zolotykh [21], the number of integer points in the simplex can be counted with O(n* -
A3) operations. Due to A. Basu & H. Jiang [22], the vertices of A-modular simplex
can be enumerated by a polynomial-time algorithm, which can be used in convex
optimization. A refined computational complexity bound is given in [6, Section 3.3].
Due to Gribanov, Malyshev, Pardalos & Veselov [23] (see also [24]), the lattice width
can be computed with poly(n, A, A.,;) operations, where A, = A(Ab) and (Ab) is
the system’s extended matrix. Additionally, for empty simplices, the computational
complexity dependence on A.;; can be avoided, which gives the bound poly(n, A). A
similar result for lattice-simplices, defined by convex hulls of their vertices, is presented
in Gribanov, Malyshev & Veselov [25]. Finally, it was shown in D. Gribanov [26] that
all unimodular equivalence classes of A-modular simplices can be enumerated by a
polynomial-time algorithm, as well as the problem to check the unimodular equivalence
of two given simplices.

In this work, we give better computational complexity bounds for ILP on simplices
with respect to Theorem 1, especially for the feasibility problem.

Theorem 12. Assuming that the system Ax < b defines a simplex, the ILP problem
ILP-CF can be solved with

AQ/QQ( Vie &) 4 poly(¢) operations.
The feasibility problem can be solved with
O(A -log®(A)) + poly(¢)  operations.

This Theorem is the direct consequence of Theorem 2. Surprisingly, the feasibility
problem on a simplex can be parameterized by a different parameter A, which
denotes the minimum non-zero absolute value of rank(A) x rank(A) sub-determinants
of A. Definitely, assuming that the rows of the system Az < b define facets of a
simplex, we can find a base B of A, such that |det(A5)‘ = Apnin. Then the feasibility
problem on the simplex is equivalent to the minimization problem min{c'z: Agz <
bg, x € Z"}, where ¢ agrees with an outer-normal vector, corresponding to the facet
that is ‘opposite’ to B. This problem can be solved, using Theorem 2 or the Gomory’s
group minimization algorithm (see Section 2.2), which proves

11



Theorem 13. Assume that the system Ax < b defines a simplex S and lines of the
system define its facets. Then the integer feasibility problem on S can be solved with

. 1n-Amin-log Amin, .
(0] (mm {AZ _ /QConstAm) + poly(¢) operations.

3 Connection of the Problems ILP-CF and ILP-SF

In the current Section, we are going to clarify our decision to use two definitions of
ILP problems: ILP-CF and ILP-SF. The most common formulation, which can be
found in most of the works, devoted to the ILP topic, is the ILP-SF formulation. It
is natural to consider the computational complexity of ILP-SF with respect to the
number k of lines in the system, which was pioneered in the seminal work [27], due
to C. Papadimitriou. In turn, the formulation ILP-CF is clearer from the geometrical
point of view, but it can be easily transformed to ILP-SF, introducing some new
integer variables. However, this trivial reduction has a downside: it changes the value
of the parameter k£ and the dimension of the corresponding polyhedra.

A less trivial reduction that preserves the parameters k, A, and the dimension
of the corresponding polyhedra, is described in Gribanov et al. [6]. This reduction
connects the problem ILP-CF with the ILP problem in the standard form with modular
constraints, which strictly generalizes the problem ILP-SF and can be formulated in
the following way.

Definition 6. Let A € Z"*" and G € Z"*" | such that (é) is an integer n X n

unimodular matriz. Additionally, let S € Z7(n=kx(n=k) pe g matrixz, reduced to the
SNF, g € Z" % b e ZF, ¢ € Z". The ILP problem in the standard form of the
co-dimension k with modular constraints is formulated as follows:
¢'x — max
Axr=b
Gr=g (mod S-Z") (Modular-ILP-SF)
r€ZL,.

Due to this reduction, the problem ILP-CF is strictly more general, since some
exemplars of the ILP-CF problem can be reduced to Modular-ILP-SF problems,
equipped with a non-trivial matrix G, which, in turn, can not be represented by ILP-SF
type problems, preserving k, A and the dimension. The corresponding example could
be found in [6, Reamark 4]|. From this point of view, it is more consistent to consider
the ILP-CF problems.

Therefore, keeping in mind both the facts that the formulation ILP-SF is more
user-friendly and the formulation ILP-CF is more general, we have decided to consider
the both formulations in our work. Let us recall the formal description of the outlined
reduction, which is given by the following Lemmas.
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Lemma 1 (Lemma 4, Gribanov et al. [6]). For any instance of the ILP-CF problem,
there exists an equivalent instance of the Modular-ILP-SF problem

T2 — min

¢
Az =10
Gr=g (modS-Z")

n+k
T € Zzo ,

with A € ZF+™) rank(A) = k, be 2¥, ¢ e Z"F, G e Z7R) g e 7, S € ™,
Moreover, the following properties hold:

1. A A= 0pxn, AA) = A(A)/Agea(A);

2. |det(S)| = Agea(A); )

3. There exists a bijection between rank-order sub-determinants of A and A;

4. The map & = b — Ax is a bijection between integer solutions of both problems;

5

6

. If the original relaxed LP problem is bounded, then we can assume that ¢ > 0;
. The reduction is not harder than the computation of the SNF of A.

Lemma 2 (Lemma 5, Gribanov et al. [6]). For any instance of the Modular-ILP-SF
problem, there exists an equivalent instance of the ILP-CF problem

¢Tz — max

Axgl;
reZ?

withd = n —k, A e z(d+h)*d rank(/i) =d, ¢ € Z% and b € Z*. Moreover, the
following properties hold:

1. A+ A=0pxq, A(A) = A(A) -|det(S)|;

2. Agea(A) =|det(5)];

3. There exists a bijection between rank-order sub-determinants of A and /1;

4. The map x = b— Az is a bijection between integer solutions of both problems;

5. The reduction is not harder than the inversion of an integer unimodular n X n
matrix (é)

3.1 Generalized ILP Problem and the Proof of Theorem 2

To prove our main results and to make the proofs shorter and clearer, we solve a bit
more general and natural problem, which, due to the described Lemmas, generalizes
all the problems ILP-CF, Modular-ILP-SF and ILP-SF.

Definition 7. Let A € Z"*™ with rank(A) = k and Agea(A) = 1, b € ZF, c € 2™,
Additionally, let G be a finite Abelian group in the additive notation represented by its
basis and let go, g1,-..,9n € G. The generalized ILP problem is the standard form of

13



the co-dimension k is formulated as follows:

CT.CC — max

Ax =D

n

> Tigi = go (Generalized-ILP-SF)
i=1
reZl.

It is not straightforwardly clear how to define a linear programming relaxation of
the Generalized-ILP-SF problem. So, we emphasize it as a stand-alone definition:
Definition 8. In terms of the previous definition, the problem

CTZL' — max

Az =D
:L'ER;O.

is called the linear programming relaxation of the Generalized-ILP-SF problem.

The problem Generalized-ILP-SF problem can be solved, using the following gener-
alized Theorem, whose proof requires an additional effort and will be given in Section
6.

Theorem 14. Consider the problem Generalized-ILP-SF. Denote r = |G| and d =
n — k. The problem can be solved with

QO (k) . <(fk,d . A)2/29(\/m) + pOIY(¢)>

operations with elements from ZF x G. The feasibility variant of the problem can be
solved with

20(k) ((fk,d s A)- logQ(fk,d e A) + poly(qﬁ)) operations in ZF x G.

Remark 2. Note that any instance of the problem Generalized-ILP-SF with duplicates
in the list of elements (‘;11), (’322), e (‘2:) can be transformed to an equivalent instance
without duplicates, using any O(n - logn)-sorting algorithm. Due to the work [28] of
J. Lee, J. Paat, I. Stallknecht € L. Xu, the matriz A can have only O(k* - A?) unique
columns. Therefore, assuming that an poly(¢)-time pre-processing has been done, we
can putn = O(k2 - A? ~7’), forr=|g|.

In this assumption, the computational complexity bound of Theorem 1/ becomes

90(k) | ((gmA - A2 o (Vioelow 2 m8) +poly(¢)> ,

14



where g ; = (logk -log(j - k))k/2 is the coefficient, defined in Theorem 3. For the
feasibility problem, the computational complexity bound becomes

90(k) . ((gk,TA -7 A) - log®(grra -7 A) + poly(aﬁ)) :

Now, let us show how the proof of our main Theorems 2 and 3 can be deduced
from Theorem 14.

Proof. Proof of Theorem 2. Assume first that the problem ILP-SF is considered.
Clearly, it is a partial case of the problem Generalized-ILP-SF with the trivial group
G, consisting of a neutral element. Since the cost of a single operation in ZF x G is k
and since 2°%) dominates k, Theorem 2 is the straight corollary of Theorem 14, for
the considered case.

Consider now the problem ILP-CF. Due to Lemma 1, it can be reduced to an
equivalent instance of the problem Modular-ILP-SF with 7 = n + k, d = n and
A(/l) = A/Agcd, which, in turn, is a partial case of the problem Generalized-ILP-SF
with the group G, represented as G = Z" /S-Z". Clearly, r =|G| = det(S) = Agea < A.

Since an element of Z* x G can be represented by an integer vector with at most

k+log, r < log,(2¥-A) components, which is dominated by the term QQ( \ log(f’“*""A))
in the computational complexity bound, the resulting number of operations can be
expressed by the formula

200) . (fy- A)/QQ(w/log(fk,n‘A))

modulo an additive term 2°®) . poly(¢).
With respect to the feasibility variant of the problem ILP-CF, the number of
operations can be expressed by the formula

2000 frn - A 10g” (frm - A) -log(2F - A) =
200) . fr - A Tog? (fam - A).

The formulas above satisfy the desired computational complexity bounds, which
finishes the proof of Theorem 2.

Proof of Theorem 3. The proof of Theorem 3 is completely similar with the only
difference that we use the conclusion of Remark 2 instead of the direct application of
Theorem 14. O

4 Convolution and Group Ring

Let G be a finite Abelian group (in the additive notation). Consider a group ring R|[G]
over a commutative ring R, which is a free R-module and the same time a ring. The
group ring R|G] is the set of functions a: G — R of a finite support, where the module
scalar product ¢ - a of a scalar ¢ € R and a function « is defined as the mapping
x — ¢ a(zr), and the module sum « + 8 of two mappings o and S is defined as the
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mapping * — «(x) + S(z). The multiplication (convolution) a x 3 of two functions «
and g is defined by the mapping

z— Y alg) Blg) =Y alg) Bz —g).
g1t+g2=x g€eg
91,92€G

Throughout the text, we relax the requirements on R and assume that R is a
commutative semiring, which does not affect the correctness of the definition.
Definition 9. Let G be an Abelian group, represented as the direct sum of subgroups
G = Q®H. For a function a € RI[G] and element h € H, the relative support
suppy, () is defined by the formula

suppy, (« {qu alqg+h) # }

The relative support can be defined with respect to the whole sub-group H.:

SuppH U Supph
heH

Additionally, let us recall the definition of a base of an Abelian group.
Definition 10. We say that an Abelian group G is defined by a basis by, bs, ..., bs, if
any element g € G can be uniquely represented as a combination

g=ri1-b1+iz byt +is-bs,
where i; € {0,...,rank(b;) — 1}, for any j € {1,...,s}.

4.1 The Tropical Semiring

In the current Subsection, we assume that R = (Z U{+oc}, min, +) is the tropical
semiring, also known as the (min, +)-semiring. Everywhere in the current subsection,
we assume that elements o € R[G] are represented by w-bit integers on their support.
The main nontrivial fact that we use is given by the following

Theorem 15 (R. Williams [4], T. Chan & R. Williams [29]). Let A,B ¢
(Z U{400})"*™. Then the product A- B in R can be computed with O(ng/QQ(m))
operations with O(w)-bit integers.

Due to D. Bremner et al. [5], the convolution of two finite sequences can be reduced
to R-multiplication of square matrices. The reduction complexity is O(T(\/ﬁ) . \/ﬁ),
where T'(+) is the computational complexity of a square matrix multiplication in R. In
turn, due to Theorem 15, T'(n) = O(n3/22(V1°6™)) wwhich leads to an O(n?/22(vViegn))_
time algorithm for the standard (min, +)-convolution. More formally:

Corollary 4 (D. Bremner et al. [5]). Let a = {a;}I) and B = {B;}1=,) be input
sequences with elements in 7 U{+oc}. Then the convolution o * B can be computed
with O(nQ/QQ(\/m)) operations with O(w)-bit integers.
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The following simple Lemma, due to Gribanov et al. [6], gives a fast convolution
algorithm in R[G] with respect to an arbitrary cyclic group G. For the completeness,
we present a short proof.

Lemma 3. Let G = (g) and n := |G| < oo. Given o, € R[G], the convolution
v = axf can be computed with O(n?/22V1081)) operations with O(w)-bit integers
and group-operations in G.

Proof. The problem can be easily reduced to the standard convolution of two se-
quences, indexed by numbers in {0,...,n — 1}. Let {&}2";" and {£;}7"5" be the
sequences, defined by

&; = ali-g)
3, = B( - g), for j €{0,...,n—1}
! +o00, for other values of j.

Let {4:}7"5" be the convolution of & and 3. Then we can easily see that

G- g9)=_min  {a((j—1i)-9)+B(i-g9)} =

1€{0,...,n—1}
— Ze{or?_iyr}lil}{a((n +j—i)-g)+B(i-g9)} = 16{0111_@11711+ }{oénﬂ_Z + 5} =

=Antj, forjed{0,...,n—1}. (2)

Due to Corollary 4, 4 can be computed with O(nQ/QQ(V log ”)) operations. Finally, due
to the formula (2), we can compute v, using O(n) operations. O

The following Lemma can be used to develop fast convolution algorithms with
respect to direct sums of Abelian groups in an assumption that there exists a fast
convolution algorithm for one of the summands.

Lemma 4. Let G = Q®H, and let us assume that the convolution in R[Q] can
be computed with T(t) operations, where t is the summary support size of input and
output functions. Given «, § € R[G], let us denote

Sg = suppg(a) Usuppg(8) and
Sy = suppy () Usuppy (B).

Then, assuming that we can efficiently enumerate elements of Sg and Sy, and T'(n) =
Q(n), the convolution v = ax 3 can be computed with O(T(n) - m?) operations with
O(w)-bit integers and group-operations in G, where n =|Sg| and m =|Sy/|.

Proof. Let us fix an element h* € Sy and show how to compute (g + h*) through all
q € Sg with only O(T(n) . m) operations. For any h € Sy, we define the functions

&, € R[Q] and B, € R[Q] by the formulae éy,(q) = a(qg+h* —h) and Bu(q) = B(g+h),
and let 4, = &p * 8. We have
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h* _ . . o / h*fh/ / h/ —
v(q+h*) Join min alg—q + )+ B(d + 1)}

o . . 5, o 2 Ad —
= min q;relgng{ah (q—d)+ B (d)}

= nin A (q). (3)
The algorithm is as follows. We compute 43, for each h € Sy, which takes O(T(n) ~m)
operations. After that, we compute (g + h*), for each ¢ € Sg, using the formula (3),
which takes O(n - m) operations. Assuming that T'(n) = Q(n), we have the desired
computational complexity bound for any fixed h*. Enumerating h* € Sy, the total
computational complexity becomes O(T(n) . m2). O

The following technical Lemma and its corollary reduce the multiplication of rect-

angular matrices to the multiplication of square matrices. Such reductions are simple
and well known.
Lemma 5. Let A€ R™*™, B € R™*" and t < m < n. Then the multiplication A - B
can be done with O(2 - T(m,t) + n - t) operations in with O(w)-bit integers, where
T(m, k) denotes the multiplication complezity of two matrices of the orders m x m and
m X t respectively.

Proof. We decompose A on approximately n/m blocks of the size m x m?. Similarly,
we decompose B on n/m blocks of the size m x ¢. It is illustrated by the formula

By
B
A-B= (A1 Ay ... Apyiy) - ?
Brnfm1
The products Cy := A1-B1,Cy = Ay-Bo,. .., C(n/m] = A[n/m] 'B[n/m] , which are
(m x t)-order matrices, can be constructed with O(n/m) - T (m,t) operations. Finally,
it can be directly checked that
(A-B)ij = (Ch)ij-

min
ke{1,...,[n/m]}
Therefore, the answer matrix A - B can be constructed with additional O(m “t- %) =
O(n - t) operations. O

Corollary 5. Let A € R™*™, B € R™™, and t < m < n. Then the multiplication
A - B can be done with O(% - T(t) + n - t) operations with O(w)-integers, where T'(t)
denotes the multiplication complezity of two matrices of the order t X t.

Proof. Due to the previous Lemma, the original problem can be reduced to multipli-
cation of matrices of the orders m x m and m X k, respectively. Such multiplications,
in turn, can be decomposed to approximately m/k multiplications of k x k matrices.

3W.l.o.g., we can assume that m | n, since we can augment the last blocks by zeroes
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The total computational complexity can be expressed by the following formula, which
gives the desired computational complexity bound:

m t

O<%~T(m,t)+n~t> O<£~(T~T(t)+m~t)+n-t) -
0

Theorem 16. Assume that the group G is finite and the basis by,bs,...,bs of G
is given. Then, for a, B € RI[G], the convolution v = a * 8 can be computed with
O(n? /2918 m)) operations with O(w)-bit integers and group-operations in G, where
n=|G|.

Proof. Denoting r; = rank(b;), for i € {1,...,s}, assume that r; >ry > -+ > r,. Let
the value £ > 1 be chosen such that

T1 T ... TR > /N,

r1-To .. Th—1 <\/ﬁ.
Here, we assume that the empty product is equal to 0. Let us consider the cases: k =1
and k > 2.

Case 1: k =1 and r; > y/n. In this case, we look on the group G as G = (b1) &H,
where H = (b2) @ -+ @ (bs). Due to Lemma 3, the convolution in R[(b1)] can be done
with O(r?/29WIleer)y = O(r? /294VI%e ™)) operations. Consequently, Lemma 4 gives
the desired computational complexity bound.

Case 2: k > 2. Since 1, < 1, for each i € {1,...,k}, and, due to the construction
of k, it follows that

2

n1/4§t::7’1~r2~...~7’k,1§n1/ and

n1/2§m::rk-rk+1-...-r8§n3/4.

Now, we look on our group as G = Q@ H, where Q = (b1) @ --- & (by—1) and H =
(bg) @ - - @ (bs). Note that |Q| = ¢t and |H| = m. Construct the matrices A € R™*"
and B € R™* in the following way: the rows of A are indexed by elements of Q and

the columns of B are indexed by elements of H. The elements of A and B are given
by the following formulae:
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Construction of A and B costs O(n - (m + t)) = O(n"/*) operations. In turn, the
elements of A - B are indexed by pairs (¢, h) € Q x H and it directly follows that

(A-B)gn = I;leig{a(q —9)+Bh+g)} =g+ h).

Therefore, since any element g € G can be uniquely represented as g = ¢ + h, the
computation of v has been reduced to the computation of A - B.

Note that ¢ < m < n. Consequently, due to Corollary 5, the computational
complexity to compute A - B is O(% -T)+n - t). Due to Theorem 15, T'(t) =
O(t3/29WV18 1)) Since /n <t < \/n, we have

t3 2

O(n-t) = ——

n n

t 29 (V1og t) +

Remembering that the construction of A and B costs O(n"/*) operations, it finishes
the proof. O

4.2 Convolution in Z;[G]

In this Subsection, we consider a group ring Zs[G], where G is an arbitrary finite
Abelian group. The standard way of making convolution in Zs[G] is embedding into
Z|G], which consequently can be embedded into C[G]. Note that C[G] becomes an
algebra on a C-vector space. A natural basis of C[g] is given by the indicator functions
of the group elements. Identifying each group element with its indicator function, C[g]
can be viewed as the space of all formal sums /g cg - g with coefficients in C. The
multiplication (convolution) in C[G] can be effectively reduced to the (generalized)
Discrete Fourier Transform, which maps elements of C[G] into C[G], where G is defined
as follows.

Definition 11. The set

G =Hom(G,8'), for S'={zreC:|z|=1}
of group homomorhisms of G into S*, considered with the group operation
(x1-x2)(9) = x1(9) - X2(9), for x1,x2 €G and g € G,
is called the group of characters of G, which is also known as the Pontryagin dual of G.
It is easy to see that X! = x. It is known that, for an arbitrary Abelian group g,

the group G is isomorphic to G.
Definition 12. For o € C[G], the discrete Fourier transform (the DFT, for short) of

-~

« 1s the function & € C[G], given by
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The inverse DFT is given by

alg) = =+ 37 a0 - x(o) @

Since a is isomorphic to G, it consists of exactly n elements, the so-called characters
of G, which can be viewed as the basis of C[G] in the same way that we did it with
CI[G]. Consequently, if some order of elements in G and G is chosen, the DFT can be
viewed as the matrix-vector multiplication on an n x n complex matrix W, whose
columns and rows are indexed by elements of G and G, respectively. R

Similarly, due to (4), the inverse DFT can be handled as the DFT over C[G] and
reduced to a matrix multiplication in the same way. The following Theorem, due
to U. Baum, M. Clausen & B. Tietz [30], gives an efficient way to compute such a
matrix-vector multiplication.

Theorem 17 (U. Baum, M. Clausen & B. Tietz [30]). Assume that a basis of G is

-~

given. Let a € C[G], then & € C[G] can be computed with 8n - logyn group operations
and operations in C.
It can be directly checked that

—

axB(x) = a(x) - Bx).

Consequently, due to Theorem 17 and our discussion, for an input «, 8 € C[G], the
convolution a x 8 € C[G] can be computed with O(n - logn) operations in C.

Recall that we were originally interested to make the convolution in Zs[G], which
can be easily reduced to the convolution in Z[G] and, consequently, in C[G]. Since it is
impossible to implement exact complex arithmetic in the Word-RAM model, it is nat-
ural to represent complex numbers approximately as pairs of rational numbers. It can
be shown that, if the input values are given with a sufficiently good additive accuracy
€, then the output values of the DFT algorithm of Theorem 17 and, consequently, of
the convolution calculation will be returned with an additive accuracy € -n°® . There-
fore, taking the size of rational representation of complex numbers proportional to
O(logn), we can compute the convolution with an additive accuracy strictly less than
1/2, which will give the correct integer answer after rounding to the nearest integer.
Therefore, the convolution in Z3[G] can be computed using O(nlogn) operations with
rational numbers of size O(logn). Unfortunately, we did not able to find a complete
error analysis for the generalized DFT in the literature with respect to the Word-RAM
model. By this reason, we give a complete analysis of the Abelian case in our work.
Before we formulate a main theorem, let us make a technical definition:

Definition 13. We call a compler number in the form a + b -i with a,b € Q as a
rational complex number. The set of rational complex numbers is denoted by CQ.
The encoding size of a rational complex number z = a + b - i is defined as size(z) =
size(a) + size(b).

Theorem 18 (The DFT with respect to the Word-RAM model). Let us assume that a
finite Abelian group G is represented by its basis. Let o/ € CQI[G] be the input function
and € € QN(0,1) be the input accuracy with e < 1/nC, for a sufficiently big absolute
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constant C. Assume additionally that there exists o € C[G], such that || — O/HOO <e.
Then, there exists a polynomial-time algorithm that returns &' € (CQ[@] such that

1. Hd’ - dHOO =nOW) . ¢;

2. The algorithm needs O(n- (logn + v + log 1/5)) operations with rational numbers
of the size O(logn + v + size(¢)), where v = maxyeg size(a’(g)) is the mazimum
of component sizes of o/ .

The proof could be found in Appendix Subsection B.3.
Corollary 6 (Convolution with respect to the Word-RAM model). Let us assume that
a finite Abelian group G is represented by its basis. Given a, 8 € Z3[G], the convolution
axf3 € Zs[G] can be computed with O(nlogn) operations with rational numbers of the
size O(logn).

Proof. Consider o and 3 as the members of C[G] with components in {0,1}. Choose a
rational value ¢ < 1/n®, for a sufficiently large absolute constant C. Using Theorem
18, we compute approximate versions & and 3’ of & and 3 with the input accuracy e.
Due to Theorem 18, it can be done, using O(n logn) operations with rational numbers
of the size O(logn). Additionally, we have 85 = ||& — &| o = n°M . ¢ and b5 =

|34

oo ~ ~
operations with rational numbers of the size O(logn). Denoting ¢ = & - 3, let us
estimate the error 61[} = H’L/AJ —

=nOW . ¢, Next, we compute ¢/ := & - A, which can be done with O(n)

o0

05 < 0a -

‘BHOO +05-llall +da 05 = nPW . ¢,

where the last equality holds, because HBH <nand|d&]_ <n.
o0

Recall that a * 8 can be calculated, using the inverse DFT to & - B, which, due
to (4), is equivalent to the DFT in C[G]. Consequently, we compute the approximate
version ' € CQ[G] of ax B, using Theorem 18 to ¢’ with an accuracy, corresponding

to the error bound for & & and dividing components of the resulting vector by n. Note

that, due to Theorem 18, the component sizes of z/A/ are bounded by O(logn). Hence,
the last step costs of O(nlogn) operations with rational numbers of the size O(logn).
Additionally,

Ha * 3 — n’H <4y 0P e =n% . ¢ for some constant Cp.
Choose C, such that n©° -e < 1/3 (for n > 3, we can put C := Cy + 1). Since ax 3

has integer elements, rounding to the nearest integer in components of 1’ will give the
correct answer, which finishes the proof. O
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5 Tiling Group

Let v € Q", A € Z"" with A =|det(A)| > 0. Consider a set G = v+ A-[-1,1)".
In other words, G is an affine image of [—1,1)". Since R" can be tiled by [-1,1)"
and its parallel copies, it follows that any point y € R™ has the following unique
representations:

ze(2-2)", Axe[-1,1)"1y=2+z, (5)
Nze(2-2)", Axe[-1,1)"1y=2—2. (6)

Using these representations, we define two functions |-] and [-] that map R" to
[—1,1)™. More precisely, for y € R", we put |y] = z, according to the representation
(5), and [y] = «, according to the representation (6), respectively. Note that, for any
z € (2-Z)" and z € R", the following properties hold

Lz + 2] = |=], (7)
[z — x| = [z]. (8)

Additionally, it is useful to note that, for any z,y € R™:

lz+y| =|lz]+y| = [z + y]] (9)

Since the set G with its parallel copies form a tiling of R™, it is natural to consider
an Abelian group that identifies points in parallel copies of G. Since A is an integer
matrix, the group is correctly defined and isomorphic to the group R" /(24) - Z".
According to its background, we call this group as the tiling group, induced by G. In
the former text, we need an explicit construction of the tiling group, which can be
given as follows.

Denote t, = A~! - v, and note that any point y¥ € R” can be uniquely represented
asy =A- (t, +ty), for unique t, € R". Clearly, if y € G, then ¢, € [-1,1)".
Definition 14. Fory,z € G with representations y = A-(t,+ty) and z = A-(t, +t.),
consider a binary operation ®, defined by the formula

y®z=A (to+ [to +1, +1:]). (10)

The pair (g, @) forms an Abelian group, called the tiling group, induced by G.

Let us check that (G, ®) is indeed an Abelian group. Since the commutativity and
associativity are straightforward, we need only to show the existence of the neutral
element Og and an inverse element ©z € G, for an arbitrary z € G*. The neutral
element Og is given by the formula:

Og = A (ty + [to]). (11)

4Note that, due to the commutativity of @ and group axioms, we not need to check the uniqueness of
the neutral and inverse elements. So, our notations are correctly defined.
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Definitely, let z € G be represented as z = A - (t, + t,), then

z2®0g = Aty + |t + t- + [to]]) =
= Aty + [t.]) = Aty + t2) = 2,
where the second equality holds, because t, + [t,] € 2+ Z and, due to the property
(7). The third equality follows, because t, € [—1,1)™.

Now, let us give an explicit formula for the inversion. For an element z € G,
represented as z = A(t, + t), the inverse element ©z is given by the formula:

6z = Aty + [ty +t- —to]), where to = [t,]. (12)

Let us check the correctness:

2@ (62) = A(to + [to + 2+ [t + 12 —t0o]])=
= A(to + [to+ (ty + 1. — to) + [t + 1= — to]])=
= A(ty + [to]) = A(ty + to) = Og,
where the third equality holds, because t, + t, — to + [t, +t. — to] € 2-Z and, due
to the property (7). The forth equality follows, because ¢y € [—1,1)".

It is natural to consider the canonical homomorphism ¢g that maps R" into G.
For y € R", represented as y = A - (t, + ty), it is given by the formula:

¢g(y) = A~ (to + [ty])- (13)
Let us check that ¢g(y) is indeed a homomorphism. Definitely, for y,z € R",
represented as y = A - (t, +t,) and z = A - (¢, + t.), we have
¢g(y+2) =A- (tv+ Ltv+ty+tz-|) =
= A (to+ [t + L]+ [£:1]) = 69(y) @ d(2),

where the second equality holds, due to the property (9). The group operation can be
rewritten, using ¢g, in the following way:

YDz =dgy+ 2).

The following simple Lemma is important for algorithmic implications of our work.
Lemma 6. Let W C R"™ be an arbitrary set. If there exists a translation vectort € R",
such that t + W C G, then the restriction of ¢g on W is injective.

Proof. Choose arbitrary and different y, 2 € W. Denote ' = y+t and 2’ = z+¢t. Note
that ¢g(y') © ¢g(2') = ¢g(y) © ¢g(2). Since y', 2" € t + W C G, we have ¢g(y') = ¢/’
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and ¢g(z") = 2’. Finally,

bg(y) © ¢g(z) = ¢g(y') © dg(2') =y © 2" #0,

which proves the injectivity. O

Since A is an integer matrix, the operation @ and the homomorphism ¢g map
integers to integers. Additionally, it can be directly checked that Og € Z"™ and ©z € Z",
for any z € Z™"NG. In other words, the set G; = Z" NG, equipped by the operation
@, also admits a group structure, which is isomorphic to Z" /(2A4) - Z".

Definition 15. The pair (g;, 69) forms a group, called the integer tiling group,
induced by G. Note that Og, = Og.

This group is especially interesting to us in terms of algorithmic implications, since
it is finite and, therefore, admits a finite basis.

Theorem 19. Consider an integer tiling group Gy induced by G, and let S = P-A-Q
be the SNF of A, where P,Q € Z"*" are unimodular.

Then the vectors by, ba, ..., b, € Gr, given by the formula

bk:A'(tu‘f'[tv_\_Q*k/Skk”), forkze{l,...,n},

form a basis of G;.

Proof. Consider an integer tiling group G', induced by the set A-[—1,1)". The following
Lemma, states that G’ is isomorphic to G;, the proof could be found in Appendix,
Section A.

Lemma 7. The group G is isomorphic G', the corresponding bijective map ¢: G —
G’ and its inverse are given by the formulae:

z2=A-(ty+t.) — Aty +t.] = 0(2),
Z=Aty = A (te+ [te—ta]) =67 (2). (15)
As the first step, we will construct a basis for G'. Then the basis of G; can be

obtained, using the map ¢! on the basis of G'. We claim that the basis b}, b}, ..., b,
of G' is given by the formula

;C:A-LQ*J‘/SJ‘J‘], fOI‘kE{l,...,?’L}.
Let as show that the combinations
/

glillbll@@lnbn, WhereijG{*Sjj,...,Sjjfl},forjG{l,...,n},

uniquely represent all the elements of G'. The inclusion ¢’ € G’ can be checked, using
the following formulae:

g=A. LZ& : LQ*1/S11] +o i [Q*n/SnnH =
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129
=A- lel Q*1+ S—Q*n—‘:
:A(Z_lQ*1++_nQ*n)+A2: ‘forsomeze(Q.Z)n’
Sll nn

=Pl (i, i) + A2,

where the second equality uses the property (9). Therefore, ¢’ is integer and ¢’ € G'.
Next, let us show that the different combinations give different elements of G’. For the
sake of contradiction, assume that there exists a non-trivial combination, representing
Og, that is

i1 by B Dy b, = 0gr,

which can be rewritten as

Since A is invertible and, due to the property (9), it is equivalent to

0=[Sl Qb +;%;-Q*n]. (16)

The following sequence of equivalences holds:

11
16) & — Qu+ -+ —"Qun noa
(16) 5 @t Sm Qun € (2-2)
S Q-S7' - (iryig, ... yin) €(2- & 28 |i;, forje{l,...,n}.

Since i; € {—S;j,...,5;; —1}, it is only possible if i; = 0, for all j € {1,...,n}, which
contradicts to our assumption.

Finally, applying the isomorphism ¢~! to the basis of G’, we construct a basis
bl,bQ,...,bn Ofgji

b= ¢ L(b,) = A- (tv + [ty — LQ*k/Skk]D, for k € {1,...,n}.

O

As a simple corollary, we get
Corollary 7. In terms of Theorem 19,|G1| = 2™ A. Taking the matriz A € Z"*" and
vector v € Q" as an input, all the elements of Gy can be enumerated with O(|g[| . n)
operations with rational numbers, whose size is bounded by a polynomial on the input
size. The number of group operations is bounded by O(|g1|).

Proof. Due to A. Storjohann [8], the SNF S of A, together with unimodular matrices
P and @, can be computed by a polynomial-time algorithm. Consequently, due to
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Theorem 19, the basis of G; can be constructed by a polynomial-time algorithm.
Therefore, we can enumerate all the elements of G; by enumerating the combinations

Zlbl@@lnbn, WhereijE{ijj,...,Sjjfl}, fOI‘jG{l,...,n}.

Since any group element can be represented by a vector in Q™ of a polynomial size and
since the group operation @ has a linear computational complexity, the total number
of operations is O(G;| - n) O

6 Proof of Theorem 14

The proof consists of three parts: In the first part, we describe our dynamic pro-
gramming algorithm; In the second part, we estimate the parameters of the dynamic
program; Finally, in the third part, we put things together and provide the final
computational complexity bound.

6.1 Dynamic Program

In seminal work [1], K. Jansen & L. Rohwedder provide a new class of dynamic pro-
gramming algorithms for ILP problems, which uses results of the discrepancy theory
and fast algorithms for tropical convolution on sequences. Our dynamic programming
algorithm follows to the same pattern, but it also has sufficient differences, and we
need to solve more general tropical convolution problems on a special group ring.
Definition 16. For a matriz A € R™*™, we define its discrepancy and its hereditary
discrepancy by the formulas

disc(A) = min |Az
ze{-1/2,1/2}
herdisc(A) = max disc(As 7).

Zc{1,...,n}

Hoo7

In our work, we need the following bounds on herdisc(A). Due to the works [3] and
[2] of Lovasz, Spencer, & Vesztergombi and Spencer, it is known that

herdisc(A4) < 2disc(A4) < 12Vk - || Al|max. (17)

The important matrix characteristic that is closely related to herdisc(A) is detlb(A).
Due to Lovasz, Spencer, & Vesztergombi [3], it can be defined as follows:

detlb(A) = te?llax v Ai(A),

and it was shown in [3] that herdisc(A4) > (1/2) - detlb(A). Matousek in [31] showed
that detlb(A) can be used to produce tight upper bounds on herdisc(A). The result
of Matousek was improved by Jiang & Reis in [32]:

herdisc(A) = O (detlb(A) -logk - log n) . (18)
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The following key Lemma, due to K. Jansen & L. Rohwedder[1], connects results
of the discrepancy theory with the theory of integer linear programs with a bounded
co-dimension.

Lemma 8 (K. Jansen & L. Rohwedder [1]). Let A € Z**™ with rank(A) = k and

T e Zgo. Then there exists a vector z € Zgo with

1. z<x;
2. 5 -llzlly <llzlly < 5 -lllly;
3. [A(z - 2/2)|| . <% - herdise(4).

Theorem 20. Consider the Generalized-ILP-SF problem. Let v = |G| and p € Zso
be the value, such that||z*|; < (6/5)?, for some optimal integer solution z* of the
problem. Additionally, for a base B C {1,...,n} of A, let M = (Ag)™'- A, n =
herdisc(M), and 6 =|det(Ag)|. Then the problem can be solved with

p- 7_2/29(\/10g7—) + O(n)

operations with elements of ZF x G, where T = (16n)* - r - 8. The feasibility variant of
the problem can be solved with

O(p-7-logT+mn) operations in 7F x gG.

Proof. Denote v* = (Ag)~1b and define

)
oo

ide (21'*% +Ag- [ﬂ,y]k) =7Fn (21‘*% + (7A4g) - [-1, 1]k) .

M(i,y) =2ZFn {ABZ‘Z H:c — 21 Py

For every i € {0,...,p}, b’ € M(i,4n), and every ¢’ € G, we solve the problem

¢z — min

Az =10
TGt T gn =g

]I, < (£)"
T € Zgo.

(DP (i, 0", 9"))

Following to the paper [1] of K. Jansen & L. Rohwedder, we iteratively derive solutions
for ¢, using pairs of solutions for 7 — 1. Finally, an optimal solution of the original
problem can be derived from DP(i,b’, ¢’), taking i := p, b’ := b, and ¢’ := go.

We decompose the computation into p + 1 levels, where the i-th level means
the solution of all problems of the type DP(i,-,:). The computation in the level
DP(0, -, -) is straightforward, because its solutions correspond exactly to the elements
(’2*11), (’2’;2), cee (Agtl"'). So, the 0-th level can be computed with O(n) operations in

kag.
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Fix some ¢ > 1. Let us estimate the computational complexity of the level DP(z, -, -).
For b’ € M(i,4n) and ¢’ € G, let 2* be an optimal solution of DP (i, b’, g'). The equality
Az* = b can be rewritten as Mz* = (Ag)~'b'. By Lemma 8, there exists a vector
0 <z <zx* with HMZ — %(Ag)flb’Hoo < 2n and

5 .0 5 (6\" [6\"" .
< leh<3 () = (3) - e,

or|z|l; <llz*||; <1< (6/5)""!, otherwise. The same holds for 2* —z. Therefore, z is an
optimal solution for DP(i—1,b",¢"), where b = Az and ¢ = z1-gl4+22-go+. . .+2n-gn-
Likewise, * — z is an optimal solution for DP(i — 1,0 — b”, ¢’ — ¢'"). We claim that
b € M(i—1,4n) and b’ —b" € M(i — 1,4n). Definitely,

. 1 1 .
H(AB)*lb” — 2Dyt = HMZ = 5(AB) 71 + S (Ap) 1Y — 207D <
1 1 .
SHMZ §(AB)—1bl +H§(AB)—1b/2(l—l)_P,U* <
1 .
<20+ 5|(A) Y - 2| <den,

which proves that " € M(i — 1, 4n). The proof of the inclusion b’ —b" € M(i —1,4n)
is completely similar.

This Claim implies that we can combine pairs of optimal solutions of DP(i —
1,b0",¢") and DP(i— 1,0 —b", ¢’ — ¢"’), to compute an optimal solution for DP (i, ¥, ¢’).
More precisely, the following formula holds:

DP(i,, ) = i {DP LY g +DP(i— LY — b —g" } 19
(l g) b”eﬁfw) (l g )+ (l g9 ) (19)
g//eg

Based on the formula (19), let us show that the computation of the level DP(i, -, ) can
be reduced to the convolution in a group ring R[Q], where R = (Z U{+oc0}, min, +)
is the (min, 4)-semiring and Q is a specially constructed group.

Consider the set H, defined by the formula

H = {2A3z: (z—2""1""%) € [*4n,4n>k} =
=277 + 245 - [~4n,4n)" = 277Pb + (8nAs) - [-1, 1) .

Due to the facts, described in Section 5, we can look at this set as a group, called the
integer tiling group.

We claim that M(i,4n) C H. Definitely, let y € M(i,4n), then y = Az, for
|z —207Pv*|| _ < 4. The last is equivalent to [|z/2 — 2/~ =Pv*|| < 25. Since y =
2Ap(x/2), we have y € H, which proves the Claim. Additionally, note that there
exists a vector t € Q", such that ¢t + M(i — 1,4n) C H (one can put t = 2:-17,p).
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Consequently, due to Lemma 6, the canonical homomorphism ¢ = ¢y ZF — H
injectively maps the set M(i — 1,4n) into H. Therefore, the map ¢~ is correctly
defined on the set (M (i — 1,4n)).

Now, we construct the group Q as the direct sum Q = H @ G of the groups H and
G. To compute the level DP(, -, ), we define @ € R[Q] by the formula

DP(i— 1,074 (h),g), ifh € p(M(i—1,4n))
400, in the opposite case.

a(h—i—g):{

We claim that
DP(i,h,g) = axa(h+g), for he M(i,4n) and g € G.

Definitely, for h € M(i,4n) and g € G, we have

axalh+g)= HéiIQl{Oé(q) +ah+g—q)} =
q
= min{a(k' +¢)+a(h -1 +g—g)} =

h'eH
g €g

= min {oe(h'Jrg')JrOé(h*hlﬁLg*g/)} =

h’Gw(M(igl,4n))

g c

= . DP_l’ _1h/, / +DP_17 _lh_h/l, 7 _
h/ewﬁggl—lv%»{ (1= L@ (1),g) +DP(i = L™ (h = ),9 ~ 9)}
g e

= 3 DP(i — 1 —1 hl / DP(i —1 —1 h— h/ o _
h/eMH(lglL%){ (i =1L (p(h)),g") + DP(i = 1,07 (h = o(l)),9 = ¢') }
g €g

= i DP(i—1,K,¢') +DP(i—1,h— R ,g— g )} =DP(i,h
h’e-/\fll(lilill,ém){ (i=LH.g) +DP(i—1, 9-9)} (4, h, ),
g'€g

where the equality of the last lines holds, because o1 (h—p(h')) = ¢~ (o(h)—p(h')) =
h — h'. Here, the equality ¢(h) = h holds, because h € M(i,4n) C H.

Therefore, assuming that ¢ € {1,..., p} is fixed, we have shown that computation
of the level DP(i, -, -) can be reduced to the convolution ax« for a specially constructed
a € R[Q]. Assuming that we know some basis of Q, due to Theorem 16, the convo-

lution « x v can be computed with O(|Q|2 /2(2( \ 1ogjg\)> operations. Due to Theorem

19, a basis of H can be computed by a polynomial-time algorithm, so the same fact
hods for the whole group Q. Hence, to finish the computational complexity analysis
for the level DP(i, -, -), we need to estimate the value of |Q|.

Due to Corollary 7, |H| = (16n)* - § and, consequently, |Q| = 7 = (16n)* - r - 6,
where 7 is the constant from the Theorems’ definition. Therefore, the level DP (i, -, -)
can be computed with 0(72 / 29(‘/@)) operations with integers and group elements

in Q. Note that elements of @ can be explicitly represented as elements of 7ZF % G.
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Finally, since there are exactly p+1 levels, the total computational complexity becomes
p-72/22(/1087) 4 O(n), where O(n) is the computational complexity of the O-th level.

The proof for the feasibility variant of the problem Generalized-ILP-SF is com-
pletely similar, with the only difference that the convolution in the (min, +)-semiring
is replaced by the boolean convolution. In other words, the convolution is defined with
respect to the group algebra Zs[Q]. Since we know a basis of Q, due to Corollary 6,
the convolution in Z3[Q] can be computed with O(7log7) operations. Therefore, the
total computational complexity for the feasibility problem is O(p -7 -logT +n). O

6.2 Estimating the Parameters p, 17, and § of the Dynamic
Program

Let us first estimate the parameter p of Theorem 20. Due to the next Lemma, we can
assume that p = O(log(k - - A)).

Lemma 9. Any instance of the problem Generalized-ILP-SF can be transformed to an
equivalent instance with the following property: if the problem is feasible and bounded,
then there exists an optimal solution z*, such that||z*||, = (k-A-7)°W), where r =|G|.

Proof. Let v be an optimal vertex solution of the relaxation, which can be found by a
polynomial-time algorithm. Due to [6, Corollary 2], there exists an optimal solution 2
of the original problem, such that ||v — 2||; < x, for x = O(k2 (rA)- \k/r_A) Following
to [1], we change the variables 2’ = x—y, where y; = min{0, [v;] —x}. Note that Z > y,
and since v has at most & non-zero components, we have |2 — y|l; = O(k - x). Since
z >y, after the change of variables, the original problem transforms to an equivalent
instance of the problem Generalized-ILP-SF with an optimal solution z* = 2z — y,
satisfying
125, = Ok - x) = (k- A - 7).
O

To give a good bound for the parameter 1, we use the inequalities (17) and (18).
To this end, we need to compute a base B of A, which will simultaneously minimize
the values A; (M (B)), for i € {1,...,k}, where M(B) := Az" - A. Taking B, such that
|det(Ag)| = A, we can make A;(M(B)) =1, for all i € {1,...,k}. But it is an NP-
hard problem to compute this B. Instead, we will settle for an approximate solution
that can be obtained by a polynomial-time algorithm. The following Theorem, due to
A. Nikolov, gives an asymptotically optimal approximation ratio.

Theorem 21 (A. Nikolov [33]). Let A € Z**", rank(A) = k and A := A(A). Then
there exists a deterministic polynomial-time algorithm that computes a base B of A
with A/|det(Ag)| < €.

The next Lemma uses an algorithm, due to A. Nikolov, to compute a relatively
good base B.

Lemma 10. Let A € Z"*", rank(A) = k, and A := A(A). Then there exists a base
B, such that

1. for eachi € {1,... k}, Az(M(B)) < et
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2. the base B can be computed by an algorithm with the computational complexity
bound
O(k-2" - Topy),
where T,y,,° is the computational complexity of the algorithm of Theorem 21 with
an input A.

Proof. In the initial step, we compute a base B, such that A(M(B)) < eF, using
Theorem 21. Next, we repeatedly perform the following iterations:

1: M+ M(B)

2 for 7 C{1,...,k} do

3: 74— |j|

4: using Theorem 21, compute a base Z of M., such that ‘det(MjI)| et >
Ai(My )

5 if [det(My1)| > e then

6: B« B\jUI

7: break

8: end if

9: end for

Note that (M(B))B = I, where [ is the k x k identity matrix. Hence, if the condition
|det(Mz1)| > e will be satisfied, for some Z and 7, then the value of |det(Ag)| will
grow at least by e. Therefore, since initially ™% - A(A) < |det(Ag)| < A(A), it is
sufficient to run the described procedure exactly k times. More precisely, we can stop
at the moment, when the cycle in Line 2 will be completely finished without calling
the break-operator of Line 7. After that the condition A;(M(B)) < e will be
satisfied, for all ¢ € {1,...,k}. Clearly, the total computational complexity is bounded
by O(k - 2% - Topr). O

Assume that the algorithm of Lemma 10 has been applied to the matrix A with
the resulting base B. Then

hence, due to the inequality (18),

herdisc(M (B)) = O(\/log k -log n)
Similarly, due to the inequality (17),
herdisc(M (B)) = O(\/E)

Note that ‘det(A3)| > A/eF. Therefore, recalling Lemma 9 and assuming that an
2k . poly(¢)-time pre-processing is done, we can assume that

p=0(log(k-r-A)),

5Here, we make an assumption that the approximation problem is harder, then the matrix inversion.
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n= O(min{\/g, \/m})v (20)

52A/ek.

6.3 Putting Things Together

Let us consider the computational complexity guaranties of our dynamic programming
algorithm, given by Theorem 20. Due to (20), assuming that an 2% - poly(¢)-time
pre-processing has been done, we can put

n= O(min{\/ﬁ, Viogk -logn}),p=0O(log(k - - A))
and § > A/e”. Recall that 7 = (161)*-r-d. Since § > A/e*, we have 7 = 29 fi ;.- A.
Hiding the term 2% -poly (), the total number of operations in ZF x G can be estimated
by
p- 7'2/2(2(v logT) =log(k-r-A)- 20(k) . (fe,a-r- A)Q/QQ( log(fkvd'T'A)) =

=200 (frq-r- A)Q/QQ( IOg(fk,d'T'A))_
For the feasibility problem, we have

p-7-logr =log(k-r-A)- 270 (fig-r-A)-log(fra-7-A)
=290 (fra-r-A)log?(fra-r-A).

The above formulas satisfy the desired computational complexity bounds, which
finishes the proof of Theorem 14.
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Appendix A Proof of Lemma 7

Let us check that the map ¢ is correctly defined, i.e. ¢(2) € G', for each z € Gy.
Definitely, since z = A (t, +t,) = A- (¢+ [ty + t.]), for some g € Z", it follows that
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A - |t, +t.] is integer. Consequently, since || € [—1,1)" by its definition, we have
#(z) e g

Similarly, let us check that ¢(z’) € G’, for each 2’ € G'. Again, it is only sufficient
to prove that ¢~1(z’) € Z". We have

M) = A (ty+ [ty —t]) =
=A- (tv + (tv _tz’) + ’—tv _tz’J - (tv _tz’)) =
=A-(q+t,), forsomeqce(2-7Z)".

Therefore, since 2’ = A - t,. is integer, the same holds for ¢~1(z').

Let us check that ¢ o ¢~ ! = ¢~ ' o ¢ = 1, as a consequence, it means that ¢ is a
bijection. For z = A - (t, +t,) € G, we have

Qﬁil((b(z)) =A (tv+ {tv_ \_tv'f'tz—lJ) = A (tv+ {tv"i_(tv'f’tz)_ \_tv'f'tz-' _(tv+tz)J> =

=A- (thr {qftzJ), for some ¢ € (2-2Z)".
Due to the relation (8), we have
A- (tv—i— [q—tzj) =A - (ty+t:]) =4 (tv+1t.) =z,

where the second equality holds, because t, € [—1,1)". Similarly, for 2’ = A-t,, € G,
we have

¢(¢71(zl)) = A : \‘tﬂ + [tﬂ - tZ/J—‘ = A : \‘tv + (tv - tZ’) + [tu - tz/J - (tu - tz/)—‘ =
=A- LqutZﬂ7 for some g € (2-2Z)".
Due to the relation (7), we have
A lg+ta|=A-[t.]=At., =2,

where the second equality holds, because t,, € [—1,1)".
Finally, let us check that ¢ is a homomorphism:

¢(A- (o + [ty +1, +tz])) = A to+ [to+ty,+1.]] =
= A2ty byt = A [t + 1]+ [t + 1] = 0(y) B 6(2),

d(y ®g, 2)

where the third and forth equalities use the property (9).
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Appendix B Error Analysis for the Generalized
DFT With Respect to the Word-RAM
Model

B.1 Preliminaries

The following Lemma is very useful for rounding of rationals.

Lemma 11. Let a € Q and e € QN(0, 1) be given input numbers. Then, there exists
a polynomial-time algorithm that returns a rational number p/q with ¢ = [1/¢], such
that

1. la—p/q| <e;

2. size(p/q) = O(log((al + 1) + log(1/e));

3. the algorithm needs O(1) operations with rational numbers of the size O (size(a) +
size(g)).

Proof. Assume that a is represented as a = p’/q’ for co-prime integers p’ and ¢'. It is

sufficient to put p := Lp;',qj. Definitely,

'l _ijpg g _
Ip'/q p/q|q‘ 7 | 7 J‘Sl/ql/ﬂ/dée.

Let us prove the second Claim. Note that size(q) = O(log(1/¢)). Represent p as
p=zq+r,forze Zandr € {0,...,q—1}. Since|afzfr/q} :}afp/q} <e<1,we
have |z| <|a| +]a — z| <|a| + 2. Finally, size(p/q) = O(size(z) + size(q)) = O(log(la| +

1) +log(1/e)).
|

It is very useful to have a variant of Lemma 11 for complex numbers.
Lemma 12. Letc=a+i-b € CQ and e € QN(0,1) be given input numbers. Then,
there exists a polynomial-time algorithm that returns a number z = x +1 -y € CQ,
such that

l.le—z|<¢g;

2. size(z) = O(log(\c| + 1) +log(1/e));

3. The algorithm needs O(1) operations with rational numbers of the size O(size(c) +

size(g)).

Proof. Let us use Lemma 11 separately to a and b with the accuracy €/2. Let « and
y be the output values. Consequently, |c —z| = /(z —a)2 + (y — b)2 < \/e2/2 < e.
Due to the construction, we have size(z) = O(log(la| + 1) + log((b| + 1) + log(1/e)).
Clearly, max{|a| ,|b|} <|c|. Therefore, log(|a| + 1) + log(|b| + 1) = O(log(|c|)), which
proves the Lemma. O

The following Lemma is useful, when we need to approximate a finite sum of
rational complex numbers.
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Lemma 13. Let m € Z>1, a rational complex number € with 0 < ¢ < 1/2™ and
{a; € CQ}jeqo,....m—1y be given input numbers. Additionally, denote S = Zj a;, v =
max; size(a;), and assume that|aj| < C, for some absolute constant C and all j. Then,
there exists a polynomial-time algorithm that returns a number S’ € CQ, such that

1.]8 -8 <e;

2. the algorithm needs O(m) operations with rational numbers of the size O(m + v+
size(g));

3. size(S") = O(logm +log(1/¢)).

Proof. Denote the partial sums of S by S;. We compute their approximate values S}
in the following way: starting from Sj = ao, we compute S}, applying Lemma 12 to

S%_| + a; with the accuracy €/2™ 7", Let us prove by induction that |S; — Sj

j
g/2™~J which will also prove the first Claim. Definitely,

<

‘ijsg

S‘S] *Sg-,l *a]“ +‘S§-,1 +aj 7S;‘ S

<

Sj_l — S;‘—l‘ +€/2m—j+1 < E/Qm_j.
Since |.S; — S;- < ‘Sj‘ +1 < C-m+ 1. Therefore, due to Lemma

12 and construction of S}, we have size(S}) = O(logm + log(1/¢)). All together, it
proves the second and third Claims. |

< 1, we have ‘S;

B.2 The DFT in Cyclic Groups
Denoting

€, =€,

“Iy

the following Lemma helps to approximate €*, for any k € {0,...,n — 1}.

Lemma 14. Letn € Zso, k € {0,...,n—1}, ande € QN(0, 1) be given input numbers.
Then, there exists a polynomial-time algorithm that returns a number z € CQ, such
that

1. ‘z— efl‘ <e;

2. the algorithm needs O(log(l/zs)) operations with rational numbers of the size
O(size(n) + size(e));

3. size(z) = O(log(1/e)).

Proof. Using the Taylor expansion for €%, we can write €X in the form of absolutely

convergent series: ‘
J
N S N LA
€, =¢€ —Zz < - i (B1)
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Denoting the partial sum of the first j terms of (B1) by S}, we have

<y e

|
i

k
€ _Sjo

Due to Stirling’s approximation, it follows that, for a sufficiently big constant C' and
m := [C -log,(1/¢)], the inequality |ef — S| < &/3 will hold.

Unfortunately, it is not enough to compute S,, by a straight way, because the size
of S,, and intermediate variables will become too large. Instead, denoting the j-th
term of (B1) by aj, let us use the following auxiliary Lemma.

Lemma 15. Let ¢ € QN(0,1) and m € Zx>1 be the input numbers. Then, there exists
a polynomial-time algorithm that returns a sequence {a’; € CQ}jcqo,....m-1}, such that

.....

r_
J

1.

2. the algorithm needs O(m) operations with rational numbers of the size O(size(n) +
size(e));
3. size(a) = O(log(1/¢)), for any j € {0,...,n —1}.

a

aj‘ <e, forany j€{0,...,m —1};

Proof. Let ' be a rational approximation of 7 with accuracy ¢/C, for a sufficiently
large constant C, which can be constructed without any difficulties. We calculate a;
in the following way: starting from a{, = 1, we calculate a;, applying Lemma 12 to
27’k
in

principle. Denoting d, = 7 — 7’ and J; = a; — a’;, we have

- aj—1 with the accuracy ¢/C. Let us prove the first Claim, using the induction

2’k , 27k,
|0;] <a; - B R e A B
2k 27’k
S| G W T gy G| HE/OS

2
< G (7r |51 +|aj—1| - 16x| +16x] ~}5j71|> +¢/C. (B2)

Let jo > C be chosen, such that }aj| < 1, for all j > jg. Then, due to (B2), for all
7 > jo, we have

2-(142)
C

2 13
‘(5j‘§%-(7T-E+€/C+E2/C)+E/C§ -E-i—E/CSE-E,

which proves the first Claim for j > jo, putting C > 13. Since |a]—| is bounded, §p = 0,
and, due to (B2), the Claim with respect to smaller values of j can be satisfied, taking
sufficiently large C.

Due to Lemma 12 and due to the construction of a;-, the third Claim is also satisfied.

Due to the third Claim, the values a} can be computed with O(m) operations with
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rational numbers of the size O (size(n) + size(¢)), which proves the second Claim and
this Lemma.
O

Let us continue the proof of Lemma 14. Using Lemma 15, we compute the sequence
{a}}jeqo.....,m—1y With the accuracy €/(3m), which can be done, using O(m) operations
with rational numbers of the size O (size(n)+size(e)). Next, we use Lemma 13 to com-
pute the resulting value z as an approximation of the sum S, = ZiE{O,...,m—l} a; with
the accuracy €/3. Due to Lemma 13, the last step needs O(m) operations with rational
numbers of the size O(logm + size(¢)) = O(size(¢)). Let us check that |ef — 2| < e.
Definitely,

ez =k 5, +}S;n—z| <
<|ek —Sm) +[Sm — Sh| +e/3<¢e/3+m- 3i +¢e/3<e¢,
m
which finishes the proof. O
Denote the Vandermonde matrix with respect to the values (¢2,¢€l, ..., e""1) by

V,.. That is, V;,, € C™*" and

(Vn)ij =€ fori,je{0,...,n—1}.
Note that the matrix-vector product V;, - v corresponds (with respect to natural or-
dering of elements in G and G and choosing a natural basis in C") to the DFT of
v as a member of C[C,], where C,, denotes the cyclic group of order n. The seminal
Cooley&Tukey algorithm [34] gives an O(n - (p1 + p2 + - - + p,))-time algorithm in
exact complex arithmetic to compute V,, - v, where n = p; -ps - ... ps is the prime fac-
torisation of n. The most popular implementation of the Cooley & Tukey algorithm
assumes that n = 2%. In Algorithm 1, we refer to a standard recursive implementation
of this case, and denote it by CT'(v) on the input v.

Remark 3 (Approximation of eﬁ) Before presenting our approzimate version of the
Cooleyéd Tukey algorithm for an input vector v/ € CQ™ with n = 2% and an accuracy
e € QN(0,1), we need to provide good approximations of the values e;?, for all j €
{1,2,4,...,2°} and k € {0,...,j — 1}. Denoting the mazimum size of components of
v’ by v, we choose an accuracy € = ¢ - M%, for a sufficiently large constant C. Let
us denote the resulting approrimate version of e? with the accuracy €' by ¢; .

Due to Lemma 14, the values of cu i, for all k € {0,...,n — 1}, can be computed
with O(n - (logn +log(1/¢'))) = O(n- (logn+~+log(1/¢))) operations with rational
numbers of the size O(logn + size(e)). The values of cj, for all j € {1,2,4,...,2%}
and k € {0,...,7—1}, can be easily derived from the values ¢, i, so it does not change
the complexity. Additionally, note that size(c; i) = O(logn + log(1/e)).

Our approximate variation of the Cooley-Tukey algorithm differs from the original
one just by using approximate calculations of the type z = a—l—b-eé?. Additionally, we use
Lemma 12 to guaranty that intermediate variables will have a bounded bit-encoding
size. Our implementation is presented in Algorithm 2, denoted by ApproxCT (v,¢).
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Algorithm 1 CT(v)

Require: Input vector v € C", for n = 25;
Ensure: Output vector v =V, - v;

1: n + dim(v);

2: if n =1 then

3: return v;

4: else

5 Veven < (V0, V2, ..., Up_2);

6: Vodd  (V1,V3, ..., Un—1);

7 Ueven CT(Ueven);

8 Uodd < CT(’UOdd);

9: D On,

10: for k€ {0,...,n/2—-1} do

11: 'Dk <~ (ueven)k + efl ' (Uodd)k;
12: ’Dn/2+k — (ueven)k - E’l,cl : (uodd)k;
13: end for

14: return v;

15: end if

Lemma 16. Let v € CQ" with n = 2° and a rational number & with e < (1/5)°
be given input numbers. Additionally, assume that there exists v € C", such that
H’U — v’”oo < e. Then, there exists an Word-RAM approximate implementation of the
Cooley-Tukey algorithm that returns a vector ©', such that

1. Hf/ — f)”oo <5%.-¢, where v =V, - v;
2. the algorithm needs O(n - 8) operations with rational numbers of the size O(s +
log(1/e) 4+ ~), where v = max; size(v]) is the mazimum of component sizes of v'.

Proof. Roughly speaking, the exact version of the Cooley&Tukey algorithm (Algo-
rithm 1) consists of s levels. Fixing some level, each value z of this level is calculated
from two values a, b of the previous level by the formula z = a+b- ef, for j = 2!=1 and
k e€{0,...,j—1}, according to Algorithm 1. For the level I € {1,..., s}, let us denote
the values, computed on this level by £;. Let us show that|z| = n-290) for any z € £,
and ! € {1,...,s}. Definitely, for z = a+b-€¥ € £;, where a,b € £;_1, since|z| <|a|+Hb|,
it directly follows from the induction principle that |z| < 2! -|jv|| < n -|jv||,,. Since
v —v'”oo < e < 1, we have ||v]|, < H’UIHOO + 1 = 290, Therefore, we get that
|z| = n - 2000,

Similarly, let us denote the values, calculated on the I-th level of our approximate
algorithm (Algorithm 2) by £}, for any [ € {1,...,s}. For an arbitrary [ € {1,...,s},
let z =a+b- e? € L; with a,b € L;_1, according to Algorithm 1. Similarly, let
y=a +cjr-b with a',t/ € £;_; and 2’ € £; be computed from y, using Lemma 12,
according to Algorithm 2 (see the Line 13). Note that 2, a’, b’ are approximate versions
of z,a,b. We need to prove the following Claims, using the induction principle:

1. |zfz’}§5l~€;
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Algorithm 2 ApproxzCT(v,¢)

Require: An input vector v € CQ", for n = 2%, and an input accuracy € € QN(0,1);
Ensure: An output vector © € CQ, which is an approximate version of V, - v;

1: n <« dim(v);

2: if n =1 then

3: return v;

4: else

5 Veven ('UO,’UQ,---,’Un_2);

6: Vodd < (V1,03 ..., Un_1);

7 Uepen — ApproxCT (Veyen, €);

8 Uodd — ApproxCT (Vodd, €);

9: 0+ 0y;

10: for k€ {0,...,n/2—1} do

11: ﬁk — (ueven)k + Cnk - (uodd)k;

12: ﬁn/2+k — (ueven)k —Cnk - (uodd)k;
13: Apply Lemma 12 to 9y and 9, 24 with the accuracy e;
14: end for

15: return o;

16: end if

2. size(z') = O(vy + log(1/¢));
3. all the values of the level £] can be computed with O(n) operations with rational
numbers of the size O(y + log(1/¢)).

Denote 0, =a—a’, 8 =b—0', 0, =2—2',0, =2z—y and §, = 6? —¢; k. By induction,
we have that |6,] < 5/~ - & and |0y] < 571 - &. To prove the first Claim, we need to

show that |§.| < 5! - . We have

80] < 10al +[b- € =1 ] <10ul +15e] 150l 18] 0] +16u]
Due to Remark 3, by the construction of ¢;x, we have |6.] < € - M%w Recall that
|b] = n-290) . Consequently, taking a sufficiently large C, we can assume that|d.|{b| < e.
Consequently,

-1

507 -€2+5+5l_1-5§4-5l-5.

16, <51 e+

By Lemma 12, |2’ — y| < e. Consequently,
8. <|lz—y|l+|ly—2]<4-57 . e +e <5l
| yl+ly

which proves the first Claim. Let us prove the second Claim. We have

ly| <|z| +102] = n - 20 41 = n. 200,
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By Lemma 12,
size(z') = O(log(jy| + 1) +log(1/¢)) = O(y + logn + log(1/¢)),

which proves the second Claim. Due to Lemma 12 and the structure of Algorithm 2,
we need only O(1) operations to compute the value 2z’ from a’, b’ and ¢; . The size
of these values is bounded by O(logn + v+ 10g(1/£))7 due to the second Claim and
Remark 3. Since }j ” = n, this reasoning proves the third Claim. Since all the Claims
are proven, it finishes the proof of our Lemma. [l

Following Bluestein [35] and Baum, Clausen & Tietz [30], the next Lemma gives
an efficient way to multiply V,, - v for general values of n.
Lemma 17. Let n € Z>s, v' € CQ" and a rational number ¢ with 0 < e < 1/n®, for
a sufficiently large absolute constant C, be given input numbers. Additionally, assume
that there existsv € C™, such that”v — v'HOO < e. Then, there exists a polynomial-time
algorithm that returns a vector ¥', such that

1. || — ﬁ'”oo =n9W . ¢ where v =V, - v;

2. the algorithm mneeds O(nlogn) operations with rational numbers of the size
O(size(n) + log(1/e) + ), where v = max; size(v]) is the mazimum of component
sizes of v'.

Proof. Following the description of Blustein’s method [35], given by Baum, Clausen
& Tietz [30], we rewrite the formula

~ ki
Vg = E v e,
0<ji<n

using 2kj = k% + 52 — (k — j)?, to

2 -2 2
= 2 ST ek,
0<j<n

-2 2
i R — ek i
Denoting a; = v; - €3,, and by = €5, , we obtain

—k2 .
€ Ok = E aj - br_j.
0<ji<n

In other words, the computation of © can be reduced to the cyclic convolution a x b of
length n. It turns out that it is more efficient to simulate this convolution with respect
to a cyclic convolution of increased length. Following Bluestein’s original approach, let
N = 202271 and Cy = (g) be a cyclic group of order N with a generator g. Define
a, B € C[Cn] in the following way:

o= Z a;- g7,

0<j<n
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B= Y b (¢ +(=1)"-g" ).

0<ji<n

Noticing that N > 2n, ¢ =1 and bj4, = (—1)" - bj, we have

= Y| T wene e Y a0

0<k<n | 0<i,j<n 0<i,j<n
itj=k ifj—n=k

= Z Z aj ~bk7j+(*1)n' Z a; -bkfjJrn ~gk+gn~ () =

0<k<n \0<j<k k+1<j<n

= Z Z aj - bp—;j -gk—i—g"-(...).

0<k<n \0<j<n

Hence, the values of ax 3 in the points g* with k € {0,...,n— 1} are exactly egf V.

Choosing natural ordering and basis in G, a, C" and identifying «, 8, a % 8 with
the corresponding vectors in C”, we can write ax 8 = V1 ((V,, - a) - (Vi - B)).
Therefore, the computation of ¥ in the exact complex arithmetic can be done with
O(Nlog N) = O(nlogn) operations, using the exact version of the Cooley&Tukey
algorithm (Algorithm 1).

Now, let us construct an approximate Word-RAM version of the described method.
Firstly, we calculate approximate versions a; = v} - ca,, j2 and b}, = cgy,, g2 of a; and
bi. Here, as in the proof of previous Theorem 16, the values c;j are approximate
versions of eé? with the accuracy ¢ - M%, for a sufficiently large absolute constant

C (see Remark 3). Note that size(a)) = O(y 4 logn +log(1/¢)) and, due to Remark

.....

b0 =|la— a’HOO, and 6, = ||b— b’HOO. Since [|[v]| , < 27 and due to Remark 3, we have

0o < 0y +v|lo - 0c + 0y - 6c < 3e, and

€
5b§55§m7

for a sufficiently large absolute constant C.
Construct the vectors o/, 8 € CQ[Cn] from the vectors ¢’ and b’ in the same
way as the vectors a, 3 were constructed from a and b. Denoting §, = ||a — o/HOO
and 63 = Hﬂ - B’HOO, by construction, we have do < §, < 3¢ and dg < &, < €. Let
&, B € (C[a] be the images of the DFT for «, 3. Next, construct the vectors & and
B’ using the approximate version of the Cooley&Tukey algorithm (Algorithm 2) with
input vectors o’ and f’, respectively, and the accuracy . Due to Lemma 16, this
step costs of O(Nlog N) = O(nlogn) operations with rational numbers of the size

O(logN+’y+log(1/s)). Denote 04 :H& — éa’H and 53 = ‘B — #'||. Due to Lemma 16,
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we have

6& S 510g2(N) . 60( — 3 . 5[]0g2(2n)] e = no(l) - €, and

6[§ — ploga(N) o = nP® -5/20'7.

Now, we calculate & - 3’, which costs of O(N) operations with rational numbers

of the size O(logn + v + log(1/¢)). Denoting 6, 5= Hd B—a' - , we have
(5&,3 < g - ’6H00 + 53 ||CAV||Oo U (5[@ =
o) . o) . .2
O N Ny 00,
=n N.-e+ 50 N -27 + g0y =7 E.

Denote ¥ = a x 8. Finally, we compute resulting approximation v’ of v, applying
Lemma 16 to & - 3 with the accuracy & and dividing the resulting value by N. Since
the size of elements of & - ' is bounded by O(lognJr’erlog(l/s)), and due to Lemma
16, last step costs of O(N log N) = O(nlogn) operations with the rational numbers
of the same size. Denoting 0, = ||1/)’ — 1/)”00, we have

(Sw e 510g2(N) . 6@,[; el no(l) - E.
To extract the vector ¢, which is an approximate version of ©, we take the first n
values of the vector ¢ and multiply them by ¢y, x2, for k € {0,...,n —1}.
Finally, let us estimate an error in the resulting vector 9’:

~ ~/

v—

oo S0c [ ¥l + Gy + 0y - b =

27 4 nOPW e 4 O 2907 — O ¢

n - 207
which finishes the proof. O

Remark 4 (Complexity to compute the DFT N-times). Assume that Lemma 17 was
used N times for different input vectors v € CQ™ with the same accuracy €. Let us
estimate the total complexity together with construction of the approzimated values c; i,
ofeé?, forj€{0,...,n—1} and k € {0,...,j — 1}. Due to Lemma 17 and Remark 3,
we need

O(n (N -logn + v+ 10g(1/€)))

operations with rational numbers of the size
O(logn + v + size(e)).

B.3 Proof of Theorem 18

Proof. As it was already noted in Subsection 4.2, taking a natural order of elements
in G and G and choosing the standard basis in C", we can identify the function
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a € C[G] with the corresponding vectors in C". Moreover, the DFT can be identified
with the matrix-vector multiplication Wg - a. For A € C"*" and B € C™*™, let
A® B e C"™*("™) 16 their Kronecker product. It can be directly checked that, if
G =H® Q, then Wg = Wy ® Wg. Consequently, the DFT in C[G] can be reduced to
|#| uses of the DFT transform in C[Q] plus|Q| uses of the DFT transform in C[#].
This approach is known as the Good&Thomas FFT.

For any g € G, denote by x4 the isomorphic image of g, corresponding to the
mentioned isomorphism® between G and G in accordance with the chosen order of
elements. In these notations, the precise description of the multiplication & = Wg-a =
(WH ® WQ) - is given in Algorithm 3.

Algorithm 3 AbelianDFT(Q®H, «)

Require: Abelian groups H and Q, equipped by the matrices Wy, and Wy, an input
vector a € C[Q @ H];
Ensure: Output vector & = Wg - a = (WH ® WQ) o'
for h € H do
Compose a vector ay, € C[Q] by the rule: ap(q) + a(h + q), for ¢ € Q;
end for
for h € H do
Apply the DFT with respect to C[Q]: &p, + Wg - ap;
end for
for g € Q do
Compose a vector 3, € C[H] by the rule: 8,(h) = an(xq), for h € H;
end for
for g € Q do
Apply the DFT with respect to C[H]: Bq — Wy - By
end for
forqe Q, h e /H,Ado
a(xq - Xn) < Ba(xn);
end for
Return &;

© 2 3> s e

e e e e
A R vl 4

Let us prove by induction that Theorem 18 holds for an arbitrary Abelian group,
consisting of s or fewer elements in its basis. The precise formulation is follows: There
exist absolute constants I, I, I3, and 14, such that the following five Claims hold:

(1) for any e <1/n",||&—& - <|G|" - ¢;

(2) the size of intermediate variables is bounded by I - (logy|G| + v + size(e));

(3) if the algorithm is used N times on different inputs from CQ[G], the total arithmetic
cost is bounded by I3 -|G| - (N -log,|G| + v + logy(1/€));

(4) the size of elements of the resulting vector & is bounded by I4- (10g2|g|+’y+size(5)) ;

(5) the constant I is independent on Iy, Iz, and Is.

6See Section 4.2.
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Assume that the group G is represented by a basis b1, bs, ..., bs. Denote H = (by)
and Q = (by) @ - -+ @ (bs). The proof uses an approximate version of the Algorithm
3, described as Algorithm 4, which returns approximate version &' of @ = Wg - a.
According to Algorithms 3 and 4, we denote the approximate versions of the variables

Algorithm 4 ApproxAbelianDFT(Q®H,d,¢)

Require: Cyclic group H and Abelian group Q, represented by their bases, an input
vector o/ € CQ[Q & H], an input accuracy € € QN(0, 1);
Ensure: Output vector &', which is an approximate version of &;
1: for h € H do
2 Compose a vector o, € CQ[Q)] by the rule: o}, (¢) + ¢/ (h + ¢), for g € Q;
3: end for
4: for h € H do
5
6

yn < ApproxAbelianDFT(Q, o, e/2);
Use Lemma 12 to y;, with the input accuracy £/2. Denote the resulting vector
by &;
end for
8: for g € Q do
9: Compose a vector 3; € CQ[H] by the rule: 5, (h) = &},(xq), for h € H;
10: end for
11: for g € Q do
12: Use approximate algorithm for the cyclic convolution in C[#], described in

R

Lemma 17, to 3; with the input accuracy |Q|I1 - €. Denote the resulting vector by
¥
13: end for

14: for g€ Q, he H do

15 & (xg - xn) < By(xn);
16: end for

17 Return &/;

{a,d,ah,dh,ﬁq,ﬁq} by {a',d’,aﬁl,dh,ﬁl'],ﬁt’]}. We split the analysis of Algorithm 4
into 4 parts: accuracy (the (1)-th Claim), size of the intermediate variables
(the (2)-th Claim), number of operations (the (3)-th Claim), size of elements
of an output vector (the (4)-th and (5)-th Claims).

Accuracy analysis. Due to proposed scheme, for each h € H, we have

lan — 63| <lldn = wnlloo +llvn — |, <19 -e.

Clearly, the same holds for ﬁ(’], for each q € Q:

By Lemma 17, there exists an absolute constant C4, such that

Bq_ﬁé

<|9|"-e.
o0
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H T <1Q M e <

|

Bq_B; o

<|

ﬁq_ﬁtlz o

< |Q|Il - € (taking L > Cl)

Consequently,
la —a'l| <1g|" <,
which satisfies the Claim (1) and finishes the accuracy analysis.

Size of the intermediate variables. Due to the induction hypothesis, the size of
intermediate variables inside the Lines 1-5 of Algorithm 4 is bounded by I5- (1og2| Q|+
7 + size(e)). Due to the Claim (4) of the induction hypothesis and Lemma 12, the

size of variables inside the Line 6 is bounded by (14 4+ C3) - (logy| Q| + 7 + size(e)),
<

for a sufficiently big absolute constant C5. Note that, for each ¢ € Q, Hﬂ;

‘ By — Bq +HﬁqHOO <1+]9Q]-27 =|Q|- 291, Hence, due to the Line 6 and Lemma

12, for any g € Q, the size of elements of 3; is bounded by O(log2|Q| +v+ size(s)).
Therefore, due to Lemma 17 and choosing sufficiently large value of Cs, the size of
intermediate variables in the steps 7-15 can be bounded by Cs - (log|G| + 7 + size(e)).
Finally, due to proposed reasoning, taking Iy > Iy 4+ Co, we satisfy the Claim (2) and
finish the analysis of the size of intermediate variables.

Number of operations. Assume that Algorithm 4 is used N times on different
inputs from CQ[Q @ H]. Due to the induction hypothesis, the Lines 1-5 need totally

o0

I3-1Q| - (N -|H] - log,|Q| + + logy(1/e)) (B3)

operations. Due to Lemma 12, the Line 6 needs totally O(N |Q||#|) operations. Due
to Remark 4, the Lines 8-15 cost

C +[H] - (N -] Q] - Togy|H| + 75 + logy(1/2)) )

operations, where C'3 is a sufficiently large absolute constant, v is the maximum size

of elements in 3y, for ¢ € Q, and ¢’ = |Q|I1 - £. Choosing a sufficiently large value of
C3, we can assume that the total computational cost of the Line 6 is hidden inside
Cjs. Since vg < Cy - (logy|Q| + ), for some absolute constant Cy, the computational
cost of the Lines 7-15 can be estimated by

Cs-[H|- (N -|Q| - logo|H| + v + (Ca — I) - 10g,| Q] + logy(1/¢)) <
< Cs-|H]- (N 19| - logy | H| + v+ logQ(l/g)), taking I; > Cj.

Taking I3 > Cj3, since |Q| < |G| /2 and |H| < |G| /2, the total complexity can be
estimated by

I3 - N -|G| - logy|G| + Is - (v + logy(1/¢)) - (|Q| +|H]) <
<I3-|G]- (N logy |Gl + + 1Og2(1/5))3
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which proves the Claim (3) and finishes the arithmetic complexity analysis.

Output size. Due to Lemma 17, the output size is bounded by Cs - (logy(H) +
V5 +10gy(1/€")) < (Cs5 + Cy) - (logy(G) + v + logy(1/€)), for some absolute constant
Cs. Taking I, > C4 + Cs, we satisfy the Claims (4) and (5), which finishes analysis
of output size. Therefore, all the Claims are satisfied, which finishes the proof of the
theorem. |
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