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Abstract In this paper, we give an overview of combinatorial group testing and
algebra. Our survey focuses on the constructions with algebraic methods, especially
geometry of classical groups over finite fields.
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1 Introduction

The basic problem of DNA library screening is to determine which clone (a DNA
segment) from the library contains which probe from a given collection of probes in
an efficient fashion. A clone is said to be positive for a probe if it contains the probe,
and negative otherwise.

This problem is just an instance of the general group testing problem, in which a
large population of items containing a small set of defectives are to be tested to identify
the defectives efficiently.

Suppose there are n clones including at most d positive ones (others are negative). A
(group) test is applicable to an arbitrary subset of clones with two possible outcomes: a
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negative outcome indicates all clones in the subset are negative, and a positive outcome
indicates otherwise. A pooling design is a specification of all tests so that they can
be performed simultaneously with the goal being to identify all positive clones with a
small number of tests. A pooling design M can be represented by a binary incidence
matrix where the columns represent clones, the rows represent tests, and m;; = 1 if
and only if clone j is contained in the subset of test i.

Suppose M has ¢ rows. Then the ¢ outcomes can also be represented by a ¢-vector

V=p,...,v)’, wherev; = 1ifand only if the outcome of test i is positive (v; = 0
otherwise). Note that V is the Boolean sum of the set of positive clones. Therefore,
it is convenient to view a column vector C as a subset S of the base set {1, 2, ..., t},

where i € S if and only if C has an 1 entry in row i. Then, we can say that V is the
union of the set of positive clones. M is called d-disjunct if no union of any d columns
covers another column. A d-disjunct matrix not only identifies the up-to-d positive
clones, but it does so with a simple decoding. Namely, a clone is positive if and only
if it (as a column) is contained by V. This is because a negative clone (column) has at
least one row not covered by the union of the up-to-d positive clones; such a row then
has a negative outcome which identifies the clone as negative.

The notion of d-disjunctness was first raised by Kautz and Singleton [14] in the
study of superimposed codes. It was also studied by Erdos et al. [3] under the name
of d-cover-free family in extremal set theory. The d-disjunct matrices have become
the most important tool in the construction of deterministic pooling designs. Although
many constructions have been proposed, the existence of d-disjunct matrices is still
sparse.

Macula [21] proposed a novel way of constructing d-disjunct matrices which uses
the containment relation in a structure. More specifically, let [m] := {1, 2, ..., m} be
the base set. Then each of the n columns is labeled by a (distinct) k subset of [m],
assuming n < (7), and each of the () rows is labeled by a (distinct) d-subset of [m],
where d < k < m; m;; = 1if and only if the label of row i is contained in the label
of column j. He proved that M is d-disjunct.

Huang and Weng [12] generalized the construction to an arbitrary atomic semilattice
where the elements can be ranked. Again, label the columns by a subset of the rank k
elements, and label the rows by all rank d elements, d < k, and then M is d-disjunct.

Ngo and Du [27] further extended the construction to some geometric structures,
such as simplicial complexes, and some graph properties, such as matchings. It is
safe to say the ‘containment matrix’ method has opened a new door for constructing
d-disjunct matrices from many mathematical structures. However, the basic result in
all these constructions is invariably that, to obtain a d-disjunct matrix, use all rank d
elements for rows.

One practical problem with this type of construction is that a large n forces d to be
large. Then the number of tests could be too large as there are too many rank d elements.
This led Macula [23] to propose using the rank 2 elements for rows, regardless of the
real d. He showed that while there is no guarantee all positive clones will be identified,
the probability of success is still satisfactory when d does not deviate too much from
2. Ngo and Du made a similar comment.

D’Yachkov et al. [2] showed that the containment matrix which uses rank r of
elements for rows has the degree d of disjunctness, where r can be much less than d.
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In fact, r can be any number from 1 to k — 1 (k is the lever for columns), while d < ¢”
for some constant g. This is the first happy surprise.

Note that geometric lattices are among pooling spaces. Huang et al. [ 13] attempted to
draw possible connections from finite geometry and distance-regular graphs to pooling
spaces: including the projective spaces, the affine spaces, the attenuated spaces, and a
few families of geometric lattices associated with the orbits of subspaces under finite
classical groups, and associated with d-bounded distance-regular graphs.

Guo et al. [7] introduced the concept of pooling semilattices and proved that a
pooling semilattice is a pooling space and then showed how to construct pooling
designs from a pooling semilattice. Moreover, they gave many examples of pooling
semilattices and thus obtained the corresponding pooling designs.

Guo and Wang [5] gave a new module of pooling design. More specifically, for

[n]
k
1<d<k<nand0 <i <d.Let M(i;d, k, n) be the binary matrix with rows
[Z]) and columns indexed with [Z] such that M (A, B) = 1 ifand
only if |A N B| = i. It is the first module that is not a containment relation. For more
information on pooling designs see the monograph by Du and Hwang [1].

In this paper, we give an overview of constructions on pooling design with geometry
of classical groups over finite fields.

The rest of the paper is organized as follows. Section 2 introduces geometry of
classical groups over finite fields. Section 3 gives the constructions of pooling designs
based on geometry of classical groups over finite fields.

positive integers k < n, let < ) be the set of all k-subsets of [n]. Given integers

indexed with (

2 Preliminary

In this section, we recall the geometry of classical groups over finite fields.

Let IF, be a finite field with g elements, where g is a prime power, IE‘;") be the
n-dimensional row vector space over Fy, and GL,(F,) be the general linear group

of degree n over Fy. GL, (F,) acts on ]FEI") in the following way:

FS x GLy(Fy) — FY,

((x]ax27"’ 7xn)7T) g (x]5'x27°" 7~xn)T' (1)

Let P be an m-dimensional subspace of ]Fén) and vy, va, - - - , Uy, be a basis of P, then
V]
%)

: @
Um

is anm x n matrix over [, of rank m. We call the matrix (2) a matrix representation of
the subspace P and use also the same letter P to denote the matrix (2) if no ambiguity
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arises. The action (1) of GL,(IF,) on ]F;") induces an action on the set of subspaces

of IF((I”) such that T € GL,(IF,) carries the subspace P into PT.

Use any one of the other classical groups, such as the singular general linear group
GLy4,,(Fy), the symplectic group S, (F;) (where n = 2v ), the pseudo-symplectic
group Ps3,,5(IF,), the unitary group U,(IF,) (where g is a square), the orthogonal
group O, (F;) (where n = 2v + 6 and § = 0, 1, or 2) and affine-symplectic group
ASp,, (IFy) to replace GL,(IF;). Then we can obtain the corresponding geometry.

Now let us introduce the definition of the other classical groups and their corre-
sponding geometries.

e For two nonnegative integers n and [, IE‘EI"H) denotes the (n + /)-dimensional row
vector space over [F,. The set of all (n + 1) x (n + /) nonsingular matrices over

F, of the form
T T2
0 Tn )’

where 711 and T»; are nonsingular n x n and [ x / matrices, respectively, forms a group
under matrix multiplication, called the singular general linear group of degree n + [
over [F; and denoted by GL;, 4, (Fy). If I = 0 (resp.n = 0), GL,, ,(Fy) = GL,(IFy)
(resp. GL;o(F;) = GL;(F,)) is the general linear group of degree n (resp. /).

The vector space IFEI”M together with the general linear group action is called the
(n + I)-dimensional singular linear space over IF,. For 1 < i < n + 1, let ¢; be the

(n+1)
]F‘I

row vector in whose i-th coordinate is 1 and all other coordinates are 0. Denote

by E the /-dimensional subspace of ]F((["H) generated by €41, €,42, ..., €y,47. An m-

dimensional subspace P of ]FEI"H) is called a subspace of type (m, k) if dim(PNE) = k.

IF((I"H), where 0 < m < n, is the

The collection of all the subspaces of types (m, 0) in
attenuated space.

For a fixed subspace P of type (m, k) in IE‘((I”H) Jdet M(my, ki; m, k; n+1, n) denote
the set of all the subspaces of type (m1, k1) containedin P ,and let N (my, ky; m, k; n+

I,n) = |M(@my, ki;m, k;n+1,n)|. Then from [31],

N(ml,kl;m,k;nw,n):q(m'"”“‘"“[ m—k } ["] 3)
my — ki q kq g

e Let n = 2v. It is well known that the cogredience normal form of 2v x 2v
nonsingular alternate matrices is

o IM
(0

Sy (Fy) = {T € GL2(F))|ITKT" = K}.

Let

Then S, (IF,) is a group with respect to the matrix multiplication, called the sym-
plectic group of degree 2v over F,.
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The vector space ]Fézv) together with the symplectic group action is called the

2v-dimensional space over ;. Let P be an m-dimensional subspace of IE'}(IZV). An
m-dimensional subspace P is said to be of type (m, r), if PK PT is of rank 2r. In
particular, subspaces of type (m, 0) are called m-dimensional totally isotropic sub-
spaces.The subspaces of type (m, r) exist if and only if 2r < m < v + r. The
subspace of type (m, r), which contains subspaces of type (m1, r), exists if and only
f2r<m <m<v+r.

Let N(my, r; m, r;2v) denote the number of subspaces of type (m, ) contained
in a given subspace of type (m, r). It is known that

2r(m—my) l—[lmzmiml-i-l(ql - ])
) - .
T2 7@ =D

e Let F, be a finite field of characteristic 2, and let

N(@my,rim,r;2v) =q 4)

0 1V

™ 0
01
11

0 1V
Si=|1v 0 .S =

The pseudo-symplectic group of degree 2v + §(§ = 1, or2) over [F,, denoted by
Ps3,15(F,), consists of all (2v+38) x (2v+38) matrix T over I, satisfying T S5 TT = 5.

The vector space ]Fézw”s) together with the pseudo-symplectic group action is called
the (2v + 8)-dimensional pseudo-symplectic space over F of characteristic 2.

Let P be an m-dimensional subspace of IFE,zVJ”S). PS5 PT is cogredient to one of
the following three forms

o I"
M@m,2r,r)y=| 170 ,
0(m—2r)
0o 1"
10
M@m,2r +1,r) = | ,
O(merfl)
and
o I®
170
M(m,2r +2,r) =
O(m—Zr—Z)

forsome r suchthat) < r < I_%J . We say that P is a subspace of type (m, 2r+t, 1, ¢),
where Tt =0, 1,or2 and ¢ = 0, or 1, if
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(i) PSsPT is cogredient to M (m, 2r + 7, r), and
(1) ezp+1 ¢ P or ezy4+1 € P according to ¢ = 0 or 1, respectively.

In particular, subspaces of type (m,0,0,0) and (m,0,0,1) are called m-
dimensional fotally isotropic subspaces. The subspaces of type (m, 2r 4+ 1, r, 1) exist
if and only if 2r +1 < m < v +r + 1. The subspaces of type (m, 2r + 1, r, 1), which
contain subspaces of type (my,2r + 1, r, 1), existifand only if 2r + 1 <m| <m <
v+r+1.

Let N(m1,0,0,0;m,0,0,0;2v 4+ §) denote the number of subspaces of type
(m1, 0,0, 0) contained in a given subspace of type (m, 0, 0, 0). From [30],

Hgnszerl (qi -1

N(m1507090;m50’070; 2v+5): Hmll(ql_l)
i=

&)

o Letg = qg, where g is a prime power. F;, = F g has an involutive automorphism
—1a— a,
whose fixed field is I, . Let
Uy(Fy) = {T € GL,(F)|TT" = 1™}

Then U, (IF,) is a group with respect to the matrix multiplication, called the unitary
group of degree n over .

The vector space ]FEI") together with the unitary group action is called the n-
dimensional unitary space over ;. An m-dimensional subspace P is said to be of
type (m, r), if P Hs(P)T is of rank r. In particular, subspaces of type (1, 0) are called
m-dimensional totally isotropic subspaces.The subspaces of type (m, r) exist if and
only if 2r < 2m < n + r. The subspace of type (m, r), which contains subspaces
of type (m1, r1), exists if and only if 2r < 2m < n +r,2r; < 2m; < n+ry and
0<r—ry <2(m—mp). Let N(my, r; m, r; n) denote the number of subspaces of
type (m1, r) contained in a given subspace of type (m, r). From [30]

m-—r

hy
2r(m—m) Hz:m—m1+l (¢ =1
T2 @ =1

N@mi,r;m,r;n) =gq

6)

e Let IF, be a finite field of odd characteristic. For a fixed non-square element z of
F*, let
q b

0 I™ @, if § =0,
Syasa= |1 0 , where A={ (Dor(z), ifs=1,
A diag(1, —z), if § = 2.

The orthogonal group of degree 2v + 6 over ¥y, denoted by 02,45, a (F), consists
of all (2v + ) x (2v + &) matrix 7" over F, satisfying TS2U+5,ATT = S2048.A-
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The vector space FSIZMS) together with the orthogonal group action is called the
(2v + 8)-dimensional orthogonal space over F, of odd characteristic.

Let P be an m-dimensional subspace of IF;ZHS). PS5,.5PT is cogredient to one

of the following four forms

M@m,2r,r) =

M@m,2r+1,r 1) =

M(@m,2r+1,r,2) =

M@m,2r +2,r) =

o IM
170

o 1™
100

o IM
170

o I™
M0

0(m—2r)

1 9
O(m72r71)

Z
0(m—2r—l)

—Z
0(m72r72)

We say that P is a subspace of type (m,2r + y,r,T), if PSy,45PT is cogredient
to M(m,2r + y,r,I'), where I' = ,if y = 0, and I’ = Qor(z),if y = 1, and

I' =

, if y = 2. In particular, subspaces of type (m, 0, 0) are called m-

dimensional totally isotropic subspaces. The subspaces of type (m, 2r 4+ 1, r, 1) exist
if and only if 2r + 1 < m < v 4 r + 1. The subspace of type (m, 2r + 1, r, 1), which
contains subspaces of type (my,2r + 1,r, 1), exists if and only if 2r + 1 < m;| <
m<v+r+1. Let Nmy,0,0;m,0,0; 2v 4+ §, A) denote the number of subspaces
of type (m1, 0, 0) contained in a given subspace of type (m, 0, 0). From [30],

N(m,0,0;m,0,0;2v 46, A) =

l—[zm=m7m1+l(qi -

- 7
[T @ =1 @

o Let[F, be afinite field of characteristic 2. Denote by /C,, the set of all n x n alternate
matrices over F,. Two n x n matrices A and B over F; are said to be congruent
mod KC,;, denoted A = B (mod ), if A — B € K,,. Clearly, = is an equivalence
relation on the set of all n x n matrices. Let [A] denote the equivalence class
containing A. Two matrix classes [A] and [B] are said to be cogredient if there is
anonsingular n x n matrix Q over F, such that [Q A QT] = [B].
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Let
@ if §=0
01" , i ,
Govys, a = 0 . where A = (D, 1 if §=1,
A (txa>,ifa=2,

where « is a fixed element of F; such that o ¢ (x2+x|x € Fy}.

The orthogonal group of degree 2v + § over F, with respect to G2,4s, A, denoted
by 02,45, A(Fy), consists of all (2v + 6) x (2v + §) matrices T over F, satisfying
[TGavss, aT"] = [Gavts, al-

The vector space IF‘((]2”+5) together with the orthogonal group action is called the
(2v + 8)-dimensional orthogonal space over F of characteristic 2.

Let P be an m-dimensional subspace of IE‘((IZVM). PGo,,5PT is cogredient to one
of the following three forms

071"
M(m,2r,1r) = 0 ,
O(m—2r)
071"
0
M@m,2r +1,r) = Qm—2r—1) ’
1
and
07m
0
M@m,2r +2,r) = al
o

0(m—2r—2)

We say that P is a subspace of type (m,2r + y,r,T), if PGy,4sPT is cogredient
to M(m,2r + y,r), where ' = lor 0, if ep,4+1 € P or not , respectively, in case
8 = y = 1. In particular, subspaces of type (m, 0, 0) are called m-dimensional
totally singular subspaces. The subspaces of type (m, 2r + 1, r, 1) exist if and only
if 2r +1 <m < v+ r + 1. The subspace of type (m, 2r 4+ 1, r, 1), which contains
subspaces of type (m1, 2r+1, r, 1), existsifandonly if 2r +1 <m; <m <v+4r—+1.
Let N(m1,0,0;m,0,0; 2v + §) denote the number of subspaces of type (m1, 0, 0)
contained in a given subspace of type (m, 0, 0). From [30],

H;n:m—m1+1 (qi -1

N(m1,0,0;m,0,0;2v 4+ 6) = 1_[,."1](611. 1
i=

®)
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e Suppose P is a subspace of type (m, r) in 2v dimension symplectic space Fflzv). A
coset of ]F((f”) relative to a subspace P of type (m, r) iscalled a (m, r)-flat. A flat F
is said to be incident with a flat F», if F| contains or is contained in F5. The point

set Fflzv) with all the flats and the incidence relation among them defined above is
said to be the 2v-dimensional affine-symplectic space, denoted by ASG(2v, ).

(L%)

where T € Sps,(F;) and v € Fézv), forms a group under matrix multiplication. This
group is said to be the affine-symplectic group of ASG(2v, I, ), denoted by ASp,,, (IF ).
Define the action of ASp,,(IF,) on the ASG(2v, F,) as follows:

The set of matrices of the form

ASG(2v, F,) x ASp,, (F,) — ASG(2v,F,)

((T0) - e

Then affine-symplectic group ASp,,(IF,) acts transitive on the set of (m, r)-flats in
ASG(2v, F)[30].
For more information about geometry of classical groups over finite fields, see [30]

3 The constructions
3.1 The constructions based on the vector space
3.1.1 Use subspaces of the finite vector space

Consider the m-dimensional space, or simply m-space, of Fﬁ,") where ¢ is a prime or
a prime power. Let I:l;: j| denote the number of k-dimensional subspaces, or simply

q
k-space. It is well known [29] (p. 291) that the following is true.

Lemma 3.1

|:mi| _@" D@ =D @ -
k], (@* = D@ =1 (g =1

[¢],=1"d,

Definition 3.2 Fix integers 1 < r < k < m. Let M(m, k, r) be the Ol-matrix by
taking all k-spaces (from an underlying m-space) as columns and all r-spaces as rows.
M (m, k,r)has al inrow i and column j if and only if i is contained in j.

and
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M (m, k, r) was first studied by Yakir [32] from a linear algebra point of view and
by Ngo and Du [27] from a pooling design point of view. M (m, k, r) is easily checked
to be a ranked atomic semilattice, thus the matrix is r-disjunct and hence (Huang and
Weng [12]) d*-disjunct for some 1 < d < r and

| k—d
= lr—al
q
Note that the construction still requires the row rank r being at least as large as

the upper bound d of the number of positive clones. D’yachkov et al. obtained the
following theorem.

Theorem 3.3 [2] Suppose k —r > 2 and set p := q(k — 11) Then M(m, k,r) is
d*-disjunct for 1 <d < p and

S e N R S [
2=q [’,_1 (d—1)g o1 |
q q

Nan and Guo [25] generalized Ngo and Du’s construction [27] and obtained a family
of pooling designs
Let M(m, n) be the set of all m-dimensional subspaces of ]F((]").

Definition 3.4 [25] Given integers | <r,m <n — 1 and max{0,r +m —n} < j <
min{r, m}. Let M (r, m; n) be the binary matrix whose rows (resp. columns) are indexed
by M (r, n)(resp. M(m, n)). We also order elements of these sets lexicographically.
M (r, m; n) has a 1 in row i and column [ if and only if the i-th subspace of M(r, n)
intersect the /-th subspace of M (m, n) at j-dimensional subspaces of F(qn).

Then M(r,m;n) is an [;’]q X [Z]q matrix, whose constant row (resp. col-

umn) weight is p’ (r,m;n) = gr=De=p[- r]]q[;]q (resp. pf'(m,r;n) =
n—m m
g iim= J)[r ; ]q[j ]q).

Theorem 3.5 [25] Let 1 <r,m <n — 1 and max{0,r + m — n} < j < min{r, m}.
If1 <d < Lp;”j(m,r;n)/ozj + 1, then M(r,m; n) is d®-disjunct, where ¢ =

p}im,rin) —doa—1,a= max{pi.j(m,r; n)| max{0,2m —n} <l <m —1).

The error-tolerance property of M(r, m; n) is not well expressed. Guo and Wang
[6] constructed a family pooling designs whose error-tolerance property is better than
that of [25].

Definition 3.6 [6] For positive integers | <d < k <nandmax{0,d+k—n} <i <
d,let My(i; d, k, n) be the binary matrix by taking all k-spaces (from an underlying
n-space) as columns and all d-spaces as rows such that M, (A, B) = 1 if and only if
dim(ANB) =i.
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Theorem 3.7 [6] Let i, d, k, n be positive integers with |(d + 1)/2] <i < d <k
andn —k —5(k+d—2i) >d—i. Ifk—i >2and1 <5 < q(¢*' = 1)/(g"*" = 1),
then the following hold:

(i) My(G;d, k,n)isan 52 -disjunct matrix, where

&y = qld=DkH5hetd=20)=i) [" —k— fl(k +d - Zi)}
—1i
q
k—i | k—1 - k—i—1| k=2 ,
q q
(ii) for a given k, if i < d, then lim ?'H = 00. where e = z — 1, z is as in
n—o0 ¢1+1

Theorem 3.3.

The error-tolerance property of [6] is much better than that of [27] under some
conditions.

3.1.2 Use subspaces which join a fixed subspace being the IF;")

In 2015, Liu and Gao [20] constructed a family pooling designs. Denote the set of all
i-subspaces U of vector space V satisfying U + W = V by M (i; n, b), where W is a
fixed (n — b)-subspace of ]F,(]").

Definition 3.8 [20] Given integers 1 < b < [} < I» < n. Let M(l, »; n, b) be
the binary matrix whose rows (resp. columns) are indexed by M (/1; n, b) (resp.
M(l; n, b)). We also order elements of these sets lexicographically. M (l1, I2; n, b)
hasa 1l inrow i and column j if and only if the i th subspace of M (I1; n, b) is a subspace
of the jth subspace of M(l; n, b).

(1) (21 1)
) )

Then M(ly,lo; n,b) is d -disjunct for 1 < d < qu, and z ({fizl_lq_l —

Lh—b—1 -1_ Lh—b—-2
b(lo—1—1) | 2 — _ b(l—11-2) | *2
Dqg [ I —b i|q d — D=t 12 = i ) Dq |: Iy —b ]q :

Moreover, if 1 <d < mln{pq ,q}, then M(ly, lo; n, b) is full d* -disjunct.

Theorem 3.9 [20]Supposel; > b, l>r—1l1 > 2,andlet p =

The test efficiency of construction is smaller than that of [2] under some conditions.

3.2 Use subspaces of singular linear space
Liu and Gao [19] construct a family of error-correcting pooling designs with the

incidence matrix of two types of subspaces of singular linear space over finite fields,
and exhibit their disjunct properties.
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Definition 3.10 [19] Given integers 0 <k <[, 0<m —k <n,0<r<m—k —2,
Let M (r; m, k; n 41, n) be the binary matrix whose rows (resp. columns) are indexed
by M(r,0; n + [, n) (resp.M(m, k; n + [, n). We also order elements of these sets
lexicographically. M (r; m, k; n+1, n) has a 1 inrow i and column j if and only if the
i —th subspace of M(r, 0; n 41, n) is a subspace of the jth subspace of M (m, k; n +
l,n).

Theorem 3.11 [19] Given integers 0 <k <1,0 <m—k <n,0<r <m—k—2
andlett = N(r,0;m,k;n+1,n),u=Nr0,m—1,k;n+1,n)),v=N(r0;,m—
Lk—1;n+l,n),x=Nr0m—-2,k;n+l,n),y=N@0m—2,k—1;n+1,n),
z=N@r0,m—2,k—2;n+l,n)andw = max{u—x,u—y,u—z,v—x,v—y, v—2},
ifl <d < L%J + 1 then M(r;m, k; n + [, n) is d°—disjunct, where e =
t—max{u, v}—(d—1)w—1. Inparticular, if 1 <d < min{LHnaxl{l#J—l—l,q—i—l},
then M(r;m, k;n + 1, n) is fully d°—disjunct, where N(my,ki;m,k;n + [,n) is
from (3).

3.3 The constructions based on the symplectic space
3.3.1 Use subspaces containing a fixed (mg, 0)-space and contained in its dual space

In 2008, Zhang et al. [33] constructed a family pooling designs based on the symplectic
space.

Definition 3.12 [33] Select integers 0 < mg < r < m < v. Assume that Py is a
fixed (mg, 0)-space of F((IZU). Let M be the (0, 1)-matrix by taking all (m, 0)-spaces
which are contained in POl and contain Py as columns and all (r, 0)-spaces which are
contained in POl and contain Py as rows. M has a 1 in row i and column j if and only
if i is contained in j.

Theorem 3.13 [33] Suppose m — r > 2 and set b = %ﬁj:;_l) . Then M is
d*-disjunct for 1 <d < b and

L= [m—m0i|_d[m—mo—l]_l_(d_])|:m—mo—2j|.
r—mo r—mg r—mo
The test efficiency of construction is smaller than that of [2] under some conditions.

3.3.2 Use subspaces containing a fixed (dy, r)-space

In 2010, Li et al. [16] constructed two family pooling designs based on the symplectic
space.

Definition 3.14 [16] For 2r < dy < d < k < v + r, assume that Py is a fixed
(dp, r)-space of IF,(IZV). Let M be a binary matrix whose columns (rows) indexed by all

(k, r)-spaces containing Py((d, r)-spaces containing Py)in ]F((]zv) suchthat M (A, B) =
1if A € B and 0 otherwise. This matrix is denoted by M/ (v, d, k).
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Theorem 3.15 [16] Suppose 2r < dy <d <k <v +r and setb = %
Then My (v, d, k) is s®-disjunct for 1 <d < b and

e=qg" N —dy— 1,0k —dy —1,0;2(v +r — dyp))
— (s = Dg" T IN@ —dy — 1,0,k —dy — 2,0, 2(v + 1 — dp)),

where N (my, r; m, r; 2v) is from (4).
The test efficiency of construction is smaller than that of [2] under some conditions.

Definition 3.16 [16] For2 < 2r <d < k < v +r, let M be a binary matrix whose

columns (rows) indexed by all subspaces of type (k,r) ((d,r)) in F;zv) such that
M(A, B) = 1if A C B and 0 otherwise. This matrix is denoted by M> (v, d, k).

Theorem 3.17 [16] Suppose 4 <2r+2<d <k—1<v4r—1.If1 <s < q”,
then My (v, d, k) is s®-disjunct, where e = q(k_d_l)d+2’.

The test efficiency of construction is smaller than that of [2] under some conditions.
3.3.3 Use totally isotropic subspaces and non-totally isotropic subspaces

In 2010, Guo et al. [8] constructed a family of inclusion matrices associated with
: (2v)
subspaces of the symplectic space IF; .

Definition 3.18 [8] Given integers | < r < m < v. Let M(r, 2m; 2v) be the binary
matrix whose rows (resp. columns) are indexed by M (r, 0; 2v) (resp. M (2m, m; 2v)).
We also order elements of these sets lexicographically. M (r, 2m; 2v) has a 1 in row i
and column j if and only if the i-th subspace of M (r, 0; 2v) is a subspace of the j-th
subspace of M (2m, m; 2v).

Theorem 3.19 [8] Let 1 < r < m < v, and let B = N(r,0;2m,m;2v),y =

Nr0;2m —1,m — 1;2v),§ = N(r,0;2m —2,m — 1;2v), & = N(r,0;2m —

2,m —2;2v) and ¢ = max{y — 8,y — &}, where N(my,r;m,r;2v) is from (4).

Then the following (i)—(iii) hold:

(1) Form >2andm >r+1,ifl <d < {ﬁ_g_lJ + 1, then M(r,2m; 2v)
is d®-disjunct, where e = B — y — (d — Da — 1. In particular, if 1 < d <
min{\]g _2; N IJ + 1, q + 1}, then M(r, 2m; 2v) is fully d¢-disjunct.

(i) Form >2andm =r, ifl <d < Lﬂ ; 1J, then M (r, 2m; 2v) is d°-disjunct,
. . .| B—=1
where e = B —dy — 1. In particular, if 1 < d < min{ y

M (r, 2m; 2v) is fully d°-disjunct.
(iii) Form =1, if 1 <d < q, then M (1, 2; 2v) is fully d°-disjunct, where e = q — d.

J,q + 1}, then

The test efficiency of construction is smaller than that of [33] under some conditions.
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3.3.4 Use totally isotropic subspaces

In 2014, Guo and Nan [11] generalized [8]. They constructed a new family pooling
designs based on the symplectic space.

Definition 3.20 [11] Given integers | < r < 2 <m <v+sands+r <

m
2
m < 2v. Let M(r, 0; m, s; 2v) be the binary matrix whose rows (resp. columns) are
indexed by M (r, 0; 2v) (resp. M (m, s; 2v)). M(r,0; m, s;2v) has a 1 in row i and
column j , if and only if the ith subspace of type (r, 0) is contained in the jth subspace
of type (m, s).

Theorem 3.21 [11] Let 1 < r < ’; s +r < m < 2v, and let B =

N, 0;m,s;2v),y = N(r,O;m — 1,5;2v),E = N(r,O;m — 1,s — 1;2v),n =
N, 0;m—2,5;2v), . =N, 0;m—2,s—1;2v), = N#,0;m—2,5s—2;2v), @ =
max{y —n,y — ¢,y —8,§ —n,& —¢,& — 8}, where N(my,r;m,r;2v) is from
@). Ifd < LMJ + 1, then M(r,0; m, 5: 2v) is d®-disjunct, where ¢ =

o
B—max{y, £}—(d—1Da—1.Inparticular, if1 <d < min{L%{y’sHJ—H, qg+1},
then M(r, 0; m, s; 2v) is fully d®-disjunct.

The error-tolerance property of [11] is much better than that of [8], if v is big
enough.

3.4 The construction based on the pseudo-symplectic space

In 2010, Li et al. [18] constructed two family pooling designs on pseudo-symplectic
spaces IF,(ZZVH).

Definition 3.22 [18] For2r +1 < dy <d < k < v +r + 1, assume that Py is a
fixed subspace of type (do, 2r + 1,7, 0) in ngvﬂ) . Let M be a binary matrix whose
columns (rows) are indexed by all subspaces of type (k, 2r + 1, r, 0) containing Py
(subspaces of type (d, 2r + 1, r, 0) containing Py) in ]F((IZVH) such that M(A, B) = 1
if A € B, and 0 otherwise. This matrix is denoted by M| (n, d, k).

Theorem 3.23 [18] Suppose 2r +1 < dy <d <k <v+r+1and set b =
% . Then M| (n, d, k) is s¢-disjunct for | <s < b and

e=q¢" N —dy—1,0,0,0;k —dy—1,0,0,0: 2(v — r + dp))
—(s—=Dg" " INW@d —dy—1,0,0,0;k —do —2,0,0,0; 2(v — r + dp)),

where N (m1,0,0,0; m, 0,0, 0; 2v + §) is from (5).

Definition 3.24 For3 <2r+1 <d < k <v+r+1,let M be a binary matrix whose
columns (rows) are indexed by all subspaces of type (k, 2r +1,r, 1) ((d,2r + 1,7, 1))
in IFL(IZVH) such that M (A, B) = 1if A C B, and 0 otherwise. This matrix is denoted
by M>(n, d, k).
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Theorem 3.25 [18] Suppose3 <2r+1<d—1<k—=2<v4+r+1.1If1 <s < g?,
then My (n, d, k) is s®-disjunct, where e = q(k_d_l)(d_l)+2’.

The test efficiency of construction is smaller than that of [2] under some conditions.

3.5 The constructions based on the unitary space
3.5.1 Use subspaces containing a fixed (mg, 0)-space and contained in its dual space

In 2009, Zhang et al. [34] constructed a family pooling designs based on the unitary
space.

Definition 3.26 [34] Select integers 0 < my < r < m < v. Assume Py is a fixed
(mg, 0)-space of ]F;Z). Let M be the (0, 1)-matrix by taking all (m, 0)-spaces which are
contained in POJ- and contain Py as columns and all (r, 0)-spaces which are contained

in POJ- and contain Py as rows. M has a 1 in row i and column j if and only if i is
contained in j .

2(m—mp—1) _ 1)(q2(m—m0) _q2(m—r—2))
(q2(m7r72) _ 1)(q2(m7m071) —1)—1

Theorem 3.27 [34] Suppose m —r > 2 and setb = g
Then M is d*-disjunct for 1 < d < b and

Z=|:T__’;n0:| |:mr—i710_1:| +(d_1)|:mr—ino—2i| .
0 142 no PE mo PE
The test efficiency of construction is smaller than that of [2] under some conditions.

3.5.2 Use subspaces containing a fixed (dy, r)-space

In 2011, Gao et al. [10] presented two new constructions based on the unitary space.

Definition 3.28 [10] For 2r — 2dy < 2d < 2k < n + r, assume that Py is a fixed
subspace of type (dp, r) in IF‘;”Z) Let M be a binary matrix whose columns (rows)
are indexed by all subspaces of type (k, ) containing Py (subspaces of type (d, r)
containing Py) in IF;Z) such that M (A, B) = 1if A C B and 0 otherwise. This matrix
is denoted by M (n, d, k).

Theorem 3.29 [10] Suppose 2r < 2dy < 2d < 2k < n+r,r = 2s + &1, where
81 =0,1and set b = %. Then M (n, d, k) is [°-disjunct for 1 <1 < b
and

e=q* DN —dy—1,0;k —do—1,0;2(v + 5 — dp))
—(=Dg** DN —dy— 1,0,k —doy — 2,0; 2(v + 5 — dp)),

where N(my, r; m, r; n) is from (6).
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Definition 3.30 [10] For2 < 2r < 2d < 2k < n+r,let M be a binary matrix whose
columns (rows) are indexed by all subspaces of type (k, r) ((d, r)) in IF;”Z) such that
M(A, B) =1if A C B and 0 otherwise. This matrix is denoted by M>(n, d, k).

Theorem 3.31 [10] Suppose O <2r —4 <2d <2k—2<n+r—-2.If1 <s < qzr,
then My(n, d, k) is s¢-disjunct, where e = q2(k—d—1)d+2r .

The test efficiency of construction is smaller than that of [2] under some conditions.
3.5.3 Use totally isotropic subspaces

In 2010, Guo [4] constructed a family of inclusion matrices associated with subspaces
of IF((;”J”S) , and exhibited its disjunct property.

Fe+9, given integers 1 < r < |4 | and

Definition 3.32 [4] In the unitary space

m < 2v + 8. Let M (r, m; 2v + §) be the binary matrix whose rows (resp. columns)

are indexed by M (r, 0; 2v + §) (resp. M (m, m; 2v + §)). We also order elements of

these sets lexicographically. M (r, m; 2v + 6) has a 1 in row i and column j if and

only if the i-th subspace of M(r, 0; 2v + §) is a subspace of the j -th subspace of

M(m, m; 2v + 9).

Theorem 3.33 [4]Letl <r < L%J andm < 2v+6, andlet B = N(r,0; m, m; 2v+

8,y = Nr,0oom—-—1,m—1;2v+6),§ = N»,O;m —1,m —2;2v+6§),n =

N@rO,m—2,m—22v+8), . =N#0,m—2,m—3;2v+36),0 =N, 0;,m —

2,m —42v 48,0 = max{y —n,y —¢,y —p.§ —n§ =& — p}, where

N(my, r;m,r;n) is from (6). Then the following (i)—(iii) hold:

G) Form > 4 If1 < d < L%J 41, then M(r,m: 2v + 8) is d°-
disjunct, where e = B — max{y,&} — (d — Da — 1. In particular, if 1 <
d < min{ MJ + 1, % + 1}, then exist d + 1 distinct columns of
M((r,m;2v + 8), i.e., d + 1 distinct m-dimensional non-isotropic subspaces of
F;zzv+5), such that the d + 1 subspaces contain same (m — 2)-dimensional sub-
space P and the number of r-dimensional totally isotropic subspaces contained
in P is equal to min{n, ¢, p}.

(i) Form =3.If1 <d < q2 — q, then M (r, m; 2v + 8) is fully d°-disjunct, where
e=q>—d(g+1).

(iii) Form = 2. If 1 < d < q, then M(1,2;2v + 8) is fully d°-disjunct, where

e=q—d.

The test efficiency of construction is smaller than that of [2] under some conditions.

3.6 The constructions based on the orthogonal space

3.6.1 Use subspaces containing a fixed (mo, 0, 0)-space and contained in its dual
space

In 2009, Zhang et al. [35] constructed a family pooling designs.
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Definition 3.34 [35] Select integers 0 < my < r < m < v. Assume Py is a fixed
(mo, 0, 0)-subspace of ]F((f”H). Let M be the (0, 1)-matrix, where the columns (rows)
are labeled by (m, 0, 0)-subspaces ((r, 0, 0)-subspaces), which are contained in POL
and contain Py. m;; = 1 if and only if the label of row i is contained in the label of
column j.
m—my—1_

Theorem 3.35 [35] Suppose m — r > 2 and set by = %
d*-disjunct when 1 < d < by, where

. Then M is

z= N —mp,0,0;m —myg,0,0; 2(v —mg) + 5, A)
—dN(@r —mg,0,0;m —mg—1,0,0;2(v —mg) + 8, A)
+(d—-DN@F —mo,0,0;m —mo —2,0,0; 2(v —mg) + 6, A)
where N(m1,0,0;m,0,0; 2v + 6, A) is from (7).

The test efficiency of construction is smaller than that of [2] under some conditions.
3.6.2 Use subspaces containing a fixed (dy, 2r + 1, r, 1)-space

In 2010, Li et al. [17] constructed two family pooling designs.

Definition 3.36 [17] For2r +1 <dy <d < k < v+ r + 1, assume that Py is a
fixed subspace of type (dy, 2r + 1,r, 1) in IFSIZVH). Let M be a binary matrix whose
columns (rows) are indexed by all subspaces of type (k, 2r + 1, r, 1) containing Py( all

subspaces of type (d, 2r + 1, r, 1) containing Pp) in IE‘SfVH) such that M(A, B) =1
if A € B and 0 otherwise. This matrix is denoted by M1 (v, d, k).

Theorem 3.37 [17] Suppose 2r +1 < dy <d <k <v+r+1and set b =

q(g*~~1-1) c e g
S Then M1 (v,d, k) is s-disjunct for | <s < b and

e=q¢"IN@d—dy—1,0,00k —dp—1,0,0;2(v +r + 1 — dp))
—(s = Dg* "IN —do—1,0,0:k —dy — 2,0,0; 2(v + r + 1 — dy)),

where N(m1,0,0; m, 0, 0; 2v) is from (8).
The test efficiency of construction is smaller than that of [2] under some conditions.

Definition 3.38 For3 <2r+1 <d < k <v+r+1, let M be a binary matrix whose
columns (rows) are indexed by all subspaces of type (k, 2r + 1, r, 1)(all subspaces of
type (d,2r + 1,r,1)) in IF,SZVH) such that M(A, B) = 1 if A C B and 0 otherwise.
This matrix is denoted by M> (v, d, k).

Theorem 3.39 [17] Suppose3 <2r+1<d—1<k-2<v+r—1.If1 <s < qzr,
then My (v, d, k) is s¢-disjunct, where e = q(k_d_l)(‘l_m'z’.

The test efficiency of construction is smaller than that of [2] under some conditions.
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3.7 The constructions based on the affine-symplectic space

In 2011, Gao et al. [9] constructed two family pooling designs based on the affine-
symplectic space.

Definition 3.40 [9] For 2r —dy < d < k < v 4 r, assume that yg + Py is a fixed
(do, r)-flat of ASG(2v, ). Let M be a binary matrix whose columns (rows) indexed
by all (k, r)-flats containing yo + Po((d, r)-flats containing yo + Pp) in ASG(2v, F,)
)suchthat M(x + A,y + B) = 1if x + A C y + B and 0 otherwise. This matrix is
denoted by M1 (v, d, k).

k—dg—
Theorem 3.41 [9] Suppose 2r < dy <d <k <v+r and setb = qu_—w

Then M (v, d, k) is s®-disjunct for 1 < s < b and

e=q" " INWd—dy—1,0;k —do—1,0;2(v + r — dp))
—(s — DG ITIN@ —dy — 1,0,k —do —2,0; 2(v + r — dy)),

where N(m1,r; m, r; 2v) is from (4).
The test efficiency of construction is smaller than that of [2] under some conditions.

Definition 3.42 For 2 — 2r —d < k < v 4+ r, let M be a binary matrix whose
columns (rows) indexed by all (k, r)-flats ((d, r)-flats) in ASG(2v, F;) such that
M(x+A,y+B)=1ifx + A C y+ B and 0 otherwise. This matrix is denoted by
My(v,d, k).

Theorem 3.43 [9] Suppose 4 <2r+2<d<k—-1<v+r—1LIf1<s< qz”l,
then My (v, d, k) is s¢-disjunct, where e = g—d=Dd+D+2r+1,

The test efficiency of construction is smaller than that of [2] under some conditions.

4 Conclusion

The algebraic construction is motivated from containment design which was initiated
by Macula [21,22]. Ngo and Du [26,27] generalized containment design to a more
general setting. Park et al. [28] employed simplicial complex to perform the idea of
containment design. Huang and Weng [12] gave a very general theorem for contain-
ment design and suggested to use linear spaces as tools, which initiated the algebraic
construction. Note that geometric lattices are among pooling spaces. In [ 13] the authors
gave some examples of pooling spaces from geometry of classical groups over finite
fields. So, in this sense the construction based on geometry of classical groups over
finite fields was initialed by [13]. This construction opened a new door for studying
pooling designs. Current results in literature (Dyachkov et al. [2]; Lang et al. [15])
have showed that many spaces can be involved in algebraic construction. Therefore,
the idea is powerful. It may be possible to extend to pooling design of other types with
other applications (Lang et al. [15]; Macula et al. [24]).
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