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Abstract The Well-known function We" is called Lambert Map. This map has
been viewed by many researchers for finding the approximate solutions of expo-
nential function especially in numerical analysis. Later, it has been incorporated
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1 Introduction

To find the solution of equations in which unknown also appears in exponential terms The Lambert W func-
tions are used. It is defined as z = W(2)e"@, where z is a complex number. Equivalently it can be defined
as f(x) = xe*. In 1758 a Diophantine equation y = y¥ +t was solved by Lambert[1].In 1980 Lambert function
was stored in MCAS(Maple Computer Algebraic System) as a function to find out the solution of the alge-
braic equations in which exponential or logarithmic functions are involved[2]. In 1993 it was revealed that
the Lambert function gives an exact solution to the quantum-mechanical double-well Dirac delta function
model for equal charges[3]. In 2016 Khalid and Lubna proposed loops in digraphs of Lambert Mapping
modulo of prime powers and its applications[4].

Definition 1. Graph A graph is an ordered pair G(V, E) which consists on two sets V and E, where V is set of
points named as set of vertices and E is a set of edges.
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Definition 2. Digraph A graph in which edges have direction is called directed graphs or digraphs.

2 Special Images

: Anumber 3 is said to be fixed point of DLTM iff 3%g® = p(modm) for a positive integer m. The following results
are elaborating fixed points and image structures for specific numbers.

Theorem 1. Letf be a DLTM and s be any odd prime. If s is any odd prime, and h = 2 then t = s -2 always map
on 2 (mod s).

Proof. Suppose
fty = t*ht
then, f(s-2) = (s-2)%(2)°2 (mod s)
(s-2)22°272 (mod s)
Using Euler's formula, we have
fs-2) = ((s-2°27")(mod s)
= ((-2)227") (mod s)
= 2(mod5s).
O

Proposition 1. Letf be a DLTM and h = s - 1. If t is odd then f(t) = s - t2 and if t is even then f(t) = t2 (mod s).

Proof. Lett be any odd integer. then
t=2k+1 (1)
As h=s5-1,wsee that
fek+1) = (2k+ 1)2(5— 12k +1,

Now since (s - 1)2 = 1 (mod s)
((2k + 1)%(s - 1)%K(s = 1)) (mod 5)
= ((2k+1)*(s- 1)) (mod s)
((4k? + 1 + 4k)(s - 1)) (mod s)

~(2k + 1)?
tZ

s-t2 (mod s),

Also, if tis even then it is of the form
t = 2k
fty = t2ht
(2k)(s - 1)?k (mod s)
(2ky?
t2 (mod s).
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3 Power Residue

Recall that an integer « is a power pth residue of any prime s if the congruence tP = « admits a solution in t
modulo s. In the following result, we discuss the power residues of the map DLTM.

Theorem 2. Let h be an nth power residue of s. Then, t2 is an nth power residue of s if and only if t*ht is an nth
power residue of s.

Proof. Assume first that t2 is an nth power residue of s then there must exist some integer b such that it
satisdies
y' = s2 (mods), (2)

Equivalently.
b" =t2 (mods) (3)

now since h is an nth power residue of s so we will find some integer for u such that

u"=h (mods), (4)

This means that
t2ht = bWy (5)
= (but)". (6)

this clearly shows that t2ht is an nth power residue of s
Conversely, suppose t2ht (mod s) is an nth power residue. Then we can write

t?ht = 2" mods  for some value of ze(Z/SZ)*, 7)
his an nth power residue
h=y" mods for some ye(Z/SZ)*, (8)
2t = 2" (9)
t?htht = ht (10)
= "yt (11)
2 = 2"y (12)
= (zy'H" (mods), (13)
t2 is an nth power residue. O

The following result is easy to prove.

Corollary 1. If h is quadratic residue then 55 — (%)2 (mod s).

Theorem 3. Ifs is quadratic residue then s -1 — 1.
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Figure 1. Shows the diagraph G(16, 23)
Proof. Let f(t) = t2h! be a DLTM, then

fs-1)=(s-1?hr"", (14)

Asas™1 =1 (mod s)
. h51 =1 (mod s), an hence, (s - 1)2 = 1 (mod s).
Orf(s-1)=1 (mod s). O

4 Continuity of the Map

In this section, we discuss uniformly continuity and continuity of the map for references.

Theorem 4. If g is an odd prime d € Zg is fixed, and h € 1 + qZg, then f(t) = t?ht - d is uniformly continuous
fortez

Proof. Suppose h = 1+ gA where A € Z;. We're aware of that for any € > 0, there exist an N such that
q'N <e.
Let/meZs.t

|I-mlg<qN<g®D =34 (15)
or(l-m)e q’VZq, and/=m+ qu where b € Z, then we must demonstrate that

|PH —d-(m?*h" -d)|q < e (16)
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Figure 2. Shows the diagraph G(13,17)

Note that

So we know that h?9" - 1 € gNz,, or |b9"

|bgNhba" | 4 < g™N. Now, consider

[12h = m2h™ |

Sinceh e 1+qZq, |[h|q=1,

a=bgN+2m,

hba

|m2hba" + p2g2NRba" + 2mbgNpba" - m2 |,

(1 +gAPd"

= 1+bgVgA+... +(gAPd"

e 1+4"z,.

|(m + bg"y2h™ "~ m2hm |

|(m? + b2g2N + 2mbgM)h™ba" - m2pm |,
| m2hmba 4 22N 4 ompgNpmba _ 2 |

|A™ | Im2gPT" + b2qPNhPa" + 2mbgN b - m?| 4.

|m2(hqu “1)+ quhqu(qu + 2m)|q:

IN

IN

N N
max(|hP9" - 1| |h|q, |abgNRPT" | 4)

q-.

N

(17)
(18)
(19)

-1]q < g™N. Moreover, since m € Z, |[m|q < 1. Notice that

(20)
(21)
(22)
(23)

(24)
(25)
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5 Special solutions of the Map

Its a converse back way to write solutions of the DLTM type congruences modulo prime number using digraphs.
As we are interested to tell after observing the digraphs that which type of congruences are satisfying some
special solution and whats such solutions count. The following theorem is an attempt to incorporate the idea
behind.

Theorem 5. Let r be an odd prime. For a fixedm € {1,...,r¢ and forrt hand d € {1...r¢=Y(r - 1)}, if we
consider mh™ = d (mod r€) and let m2(h™")" = d (mod re), then d.d = m* (mod r¢). Moreover, if we let
m2(-h)™ = d (mod r€) then d = (-1)"d (mod re).

Proof. We show that d.d = t4 (mod re). Since m2h™ = d (mod r¢) and m2(h~")" = d (mod r®),
We could say that

dd = (m2h™m2h"Y") (mod re) (28)
= m*hMHh™™) (mod re) (29)
= m* (mod ro). (30)

Hence, dd=t* (mod re). Now we must demonstrate that d = (-1)"d (mod re),

d = m?-h™ (mod r€) (31)
= m?(-1)"h"™ (mod r®) (32)
= (-1Y"m2h™ (mod r®) (33)
= (-1)"d (mod r®). (34)

Thus
d=(-1)"d (mod r®).

O

Proposition 2. Let r be an odd prime and h be a generator modulo ré. If d = ’e”Te” and r€ - 1 is the only

element of order 2 in the multiplicative group of Z/r€Z, Then m =~ e‘EH is one of the solution to

m2h™ = d (mod r®). (35)
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Proof. We can see that by hypothesis

e _ ,e-1 e_pe-1 e e+1
m2hm g = (& zr N +4r (36)
e _ ,e-1 e e+1
- (%)Z(re-n-% (mod r°) (37)
2e _ ,2e-2 _ ypete-1y(, € _ e e+1
N Gatels ir Nre-m_r +4r (mod r®) (38)
ere _ pe-2 _ope-1y,e _ e e+1
_r (ré¢ -r 42r Nré-1) r +4r (mod r©) (39)
e(pe _ pe-2 _~Hpe-1y,e _1\_ € _ pet+l
_ T (r¢-r 2r 4)(r 1-rc-r (mod r®) (40)
e(pe _ pe-2 _~pe-1y,e _1\_ €
_ re(re -r 2r 4)(r -rc(1+r) (mod r¢) 41)
er(re _ -2 _opre-1yre _1y_
_r [(r¢ -r 2r 4)(r -01+n)] (mod r©) (42)
= 0 (mod ré). (43)
]

6 Cycles

Recall that the vertices vq,Vy, ..., Vi_1. Vi forms a k length cycle if and only if

vi?h"' = v, (mod m)
v,2h"2 = v3(mod m)
vi2h = ry (mod m),

The following theorem illustrate the cycic behaviour of the map DLTM, Let f"(t) denote the function f(t) =
t2ht mod s applied n + 1 times (e.gf2(t) = f(f(t))). Then

e = @O (44)
™o = oPeo. (45)
Proof. we prove it by induction.
Let
O =t (46)
1o = floy=eh, (47)
suppose n =k
@) = 2O (mod s). (48)
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Thenn=k+1

@) = F(E PO (49)

S a0 G G (50)

— (fl‘l-'] (t))4h2 n-1 (t)(fn—1 (l.))thn_1 (t) (51)

— (fn—1 (t))thn_1 (t)(fn—1 (t))thn_1 (t)(fn—1 (t))thn_1 (t) (52)

= f(nf(mn"® (53)

10 = (Fm)2eo. (54)

0

The following are the few results without proof regarding cycles and components

Theorem 6. The Functional graphs of t — t2ht (mod's), h=s-1ands =3 (mod 4) are the union of disjoint
cycle, here s is prime.
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Figure 3. Shows the diagraph G(18, 19)

Theorem 7. Let f be DLTM. Let s be an odd prime. if h = s - 1 there exist a cycle of length two between 1 and
s-1.

Theorem 8. Every component contains a cycle.

Theorem 9. Let f be DLTM. There exists a cycle of length w > 1 in G(n) under DLTM, f(t) = t2ht with ord? | t if
and only if w is the least positive integer such that 2% = 1 (mod s), where s is odd positive divisor of \(n), and
X(n) is the Charmical Lambda
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Figure 4. Shows the diagraph G(16, 17)
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