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Abstract : The primary objective of the current work is to use (ψ,φ)- weak contraction to prove
the existence of coincidence points and establish the uniqueness of common fixed points for two pairs
of self-maps in partially ordered b− metric spaces. To ensure the existence of coincidence point, out of
two, one of the pairs preserve the b-EA property, and to obtain the uniqueness of the fixed point, they
hold a weakly compatible property. An example and few corollaries are given to illustrate the main
finding.
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I. Introduction. M. Frechet (1906) developed the well-known idea of metric space
as an extension to conventional distance. In the theory of metric space, particularly
in non-linear analysis, number of authors studied non-contraction mappings. It is
proficient that physical problems generally involve nonlinear differential and integral
equations. Banach contraction principle (Banach, 1922) plays a vital role to deal
with such kind of physical problems and provide a powerful tool for obtaining the
solutions of these equations. In general, contraction mappings are continuous. It is
a most essential result in the metric fixed point theory, and has several applications
and extensions. In 1968, Kannan (1968) proved an extension of Banach (1922) without
assuming the continuity condition of the map. Since then, there exist several extensions
and generalization of contraction principle, some of them are refer to (Rhoades, 2001,
Gupta, Mani and Tripathi, 2012 and Gupta and Mani, 2013). Jungck (1976, 1986,
196) led the idea of commuting, compatible mapping and weak compatible mappings
to deduce the fixed point results for pair of self mappings in usual metric spaces. Some
work on these types of mappings can be found in (Sessa, 1982, Pant, 1996, Morales,
Rojas and Bisht, 2014 and Morales and Rojas, 2016).
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The idea of metric spaces is further explored in many different ways in the literature,
in addition to the contraction mappings. One of the well known generalizations of
metric spaces are b-metric spaces. The idea of b-metric was initiated from the works of
Bourbaki (1974) and Bakhtin (1989). Later, Czerwik (1993) introduced and formally
defined the notion of b-metric space. In 1998, Czerwik (1998) proved the contraction
mapping theorem in sense of b− metric spaces. One thing to keep in mind is that
the class of b-metric spaces is essentially larger than that of metric spaces. For
more examples, fixed point results, coincidence point results and their applications,
definitions of notions as b-convergence, b-completeness, b-Cauchy, and related result in
the setting of partially ordered b-metric spaces, we refer (Ozturk and Turkoglu, 2015).

The notion of weak contraction was formally introduced by Alber and Delabriere
(1997) in 1997, and is known as ϕ-weak contraction. They proved the existence of fixed
points for single-valued maps satisfying weak contraction condition on a closed convex
sets of Hilbert spaces. Rhoades (2001) showed that their result is also valid in complete
metric spaces. Some further generalization of weak contractions and generalized weak
contractions using ψ and ϕ mappings in metric spaces can be found in (Aamri and
Moutawakil, 2022 and Aghajani, Abbas and Roshan, 2014).

Several authors studied the existence of fixed point for weak contraction and
generalized contractions in the sense of partially ordered sets. The first result in
this direction was given by Ran and Reurings (2004) in 2004. In continuation, Nieto
and Lopez (2005, 2007) further refined and extended above results with the help of
non-decreasing functions and then proved some fixed-point results in such spaces.
Recently, Gupta et al. (2016, 2017) proved several fixed point theorems under partially
ordered settings by defining some generalized contractions. Some more results on
partially ordered b-metric spaces can be found in (Mitiku, Karusala and Namana„
2020, Delbosco, 1976–1977, Skof, 1977, Khan, Swalech and Sessa, 1984, Dulta and
Choudhurry, 2008, Mani, 2018 and Gupta, Jungck and Mani, 2020). Aamri and
Moutawakil (2022) introduced the notion of (E.A)-property in metric space. Later
in 2015, Ozturk and Turkoglu (2015) extended this idea in the setting of b-metric space
and give the notion of b-(E.A) property.

Before proceeding to the main results of this paper, lets recall some basic definition,
examples and fundamental lemmas that will be quite useful in proving our main
theorem.
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2. Primitive Concepts and Relevant Literature. Authors in (Bakhtin, 1989
and Czerwik, 1993) defined b-metric space as follows :

DEFINITION 2.1 (b-metric space) Let ∆ be a space. let R+ denotes the set of all
nonnegative numbers. A function d : ∆ × ∆ → R+is said to be an b-metric on ∆ if for
all x, y, z in ∆ and s ≥ 1, following conditions are satisfied:

1. d(x, y) = 0 if and only if x = y

2. d(x, y) = d(y, x)

3. d(x, z) ≤ s[d(x, y) + d(y, z)]

The pair (∆, d) is called a b-metric space.

EXAMPLE 2.2 Let (∆, d) be a metric space and ρ(x, y) = (d(x, y))p, where p > 1 is a
real number. Then ρ is a b-metric with s = 2p−1.

EXAMPLE 2.3 Let ∆ = {0, 1, 2} define d : ∆ × ∆ → R+it as follows

d(0, 0) = d(1, 1) = d(2, 2) = 0;

d(1, 2) = d(2, 1) = d(0, 1) = d(1, 0) = 1,

d(2, 0) = d(0, 2) = m ≥ 2for k = m

2
where m ≥ 2

Thus, (∆, d) is a b-metric space but not a metric for m > 2.

LEMMA 2.4 Let (∆, d) be b-metric Space, and s ≥ 1 when a sequence {xn} satisfies
the following condition :

d (xn, xn+1) ≤ Kd (xn−1, xn)

for some 0 < K < 1
s and n = 1, 2, 3 . . . Then {xn} is b-Cauchy sequence in (∆, d).

DEFINITION 2.5 Let (∆, d) is a b-metric space and ϖ, ς be the self - mappings defined
on ∆. Then

1. ϖ, ς are said to be compatible (Jungck, 1986) if whenever a sequence {xn} in ∆
is such that {ϖxn} and {ςxn} are b-convergent to some t ∈ ∆ then

lim
n→∞

(ϖςxn, ςϖxn) = 0
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2. ϖ, ς are said non-compatible (Jungck, 1986), if at least one sequence in ∆ is such
that {ϖxn} and {ςxn} are b-convergent to some t ∈ ∆ but

lim
n→∞

(ϖςxn, ςϖxn)

is either nonzero or does not exist.

3. ϖ, ς are said to satisfy the b-(E.A) property (Banach, 1922) if there exists a
sequence {xn} in ∆ is such that limn→∞ϖxn = limn→∞ ςxn = t for some t ∈ ∆.

DEFINITION 2.6 (Alber and Guerre-Delabriere, 1997) A self-mapping ϖ on a metric
space ∆ is called a weak φ-contraction if φ : [0,∞) → [0,∞) is a strictly increasing
map with φ(0) = 0 and

d(ϖx,ϖy) ≤ d(x, y) − φ(d(x, y))

DEFINITION 2.7 (Nieto and Lopez, 2007) Suppose ∆ is a non-empty set and ≼ is a
partially ordered relation on set ∆. Then a map ϖ : ∆ → ∆ is said to be non-decreasing
if each ς, ϑ ∈ ∆, ς ≤ ϑ implies ϖ(ς) ≤ ϖ(ϑ).

DEFINITION 2.8 (Khan, Swalech and Sessa, 1984) Let us denote ψ as the set of all
altering distance function ψ : [0,∞) → [0,∞) which satisfies the following property :

1. ψ is continuous and not decreasing;

2. ψ(t) = 0 if and only if t = 0.

DEFINITION 2.9 (Morales and Rojas, 2021) Denote Φ as the set of all functions φ :
R+ −→ R+ satisfying the following conditions :

1. φ(0) = 0 and for all t > 0, φ(t) > 0,

2. φ is lower semicontinuous function.

REMARK 2.10 Its worth to mention here Ψ ⊂ Φ.

DEFINITION 2.12 (Morales AND Rojas, 2021) Let (∆, d) is a b-metric space with
s ≥ 1 and let ϖ, ς be self-mappings of ∆. The mappings ϖ, ς are said to be of (ψ,φ) -
weak contraction type if there exist, ψ ∈ Ψ and φ ∈ Φ such that for all , x, y ∈ ∆,

ψ(sd(ϖx,ϖy) ≤ ψ(d(ςx, ςy)) − φ(d(ςx, ςy)).
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Authors in (Morales and Rojas, 2021) have given some important remarks and few
examples to justify the novality of their result.

The main aim of this work is to prove a fixed-point result using the altering distance
functions for the four self-maps that satisfies b-(E.A.) property. Our presented work
explicitly generalized some recent results from the existing literature.

3. Main results

THEOREM 3.1 Let (∆,≼, d) is a partially ordered b− metric space with s ≥ 1. Let
ϖ, ς, ϑ, σ : ∆ → ∆ be four self mapping with ϖ(∆) ⊆ σ(∆), ς(∆) ⊆ ϑ(∆) such that for
all x, y ∈ ∆, comparable elements σx, ϑy satisfies :

ψ (sεd(ϖx, ςy)) ≤ ψ(M(x, y)) − φ(M(x, y)), (1)

where ε > 1 is a constant, ψ, φ are altering distance functions and

M((x, y)) = max
{

d(ϑx, σy), d(ϖx, ϑx), d(ςy, σy),
1
2s [d(ϖx, σy) + d(ϑx, ςy)], 1

2 [d(ϑx, σy) + d(ϖx, ϑx)]

}
. (2)

Suppose that one of the pairs (ϖ,ϑ), (ς, σ) satisfy the b-(E.A.) property and that one
of the subspaces ϖ(∆), ς(∆), ϑ(∆), σ(∆) is b-closed in ∆.

Further, if for every non-increasing sequence {xn} and a sequence {yn} with yn ≼ xn

for all yn → u, we have u ≼ xn. Then the pairs (ϖ,ϑ), (ς, σ) have a coincidence point
in ∆.

Moreover, if the pairs, (ϖ,ϑ), (ς, σ) are compatible, then ϖ, ς, ϑ, σ have a unique
common fixed point.

Proof: If the pair (ϖ,ϑ) satisfies the b-(E.A.) property, then there exists a sequence
{xn} in ∆, for some q ∈ ∆ satisfying,

lim
n→∞

ϖxn = lim
n→∞

ϑxn = q. (3)

As ω(∆) ⊆ σ(∆). there exists a sequence {yn} in ∆, where yn ≼ xn for all n, such that

ϖxn = σyn

Hence
lim

n→∞
σyn = q (4)

To prove lim
n→∞

ςyn = q.
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Since yn ≼ xn for all n and also σyn = ϖxn , then eq. (1) gives that

ψ (sεd (ϖxn, ςyn)) ≤ ψ (M (xn, yn)) − φ (M (xn, yn)) , (5)

On using property of ψ and applying limit superior, we get

lim
n→∞

ψ (sεd (ϖxn, ςyn)) ≤ lim
n→∞

sεd (ϖxn, ςyn)

≤ lim
n→∞

{ψ (M (xn, yn)) − φ (M (xn, yn))} (6)

where

M ((xn, yn)) = max


d (ϑxn, σyn) , d (ϖxn, ϑxn) , d (ςyn, σyn) ,

1
2s [d (ϖxn, σyn) + d (ϑxn, ςyn)] ,
1
2 [d (ϑxn, σyn) + d (ϖxn, ϑxn)]


= max


d (ϑxn, ϖxn) , d (ϖxn, ϑxn) , d (ςyn, ϖxn)

1
2s [d (ϖxn, ϖxn) + d (ϑxn, ςyn)] ,
1
2 [d (ϑxn, ϖxn) + d (ϖxn, ϑxn)]


≤ max

{
d (ϑxn, ϖxn) , d (ςyn, ϖxn) , d (ϑxn, ϖxn) ,

1
2s {s [d (ϑxn, ϖxn) + d (ϖxn, ςyn)]}

}

≤ max
{

d (ϑxn, ϖxn) , d (ϖxn, ςyn) ,
1
2 [d (ϑxn, ϖxn) + d (ϖxn, ςyn)]

}

Here, we discuss three possible cases of M (xn, yn) as mentioned below

CASE 1. If M (xn, yn) = d (ϑxn, ϖxn), then eq. (6) implies that

lim
n→∞

ψ (sεd (ϖxn, ςyn)) ≤ lim
n→∞

sεd (ϖxn, ςyn)

≤ lim
n→∞

{ψ (d (ϑxn, ϖxn)) − φ (d (ϑxn, ϖxn))}

On using eq. (3) and continuity of ψ,φ give that

lim
n→∞

sεd (ϖxn, ςyn) ≤ 0.

This is possible only if d (ϖxn, ςyn) = 0.

Thus ςyn → q as n → ∞.
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CASE 2. If M (xn, yn) = d (ϖxn, ςyn), then again eq. (6) give that

lim
n→∞

ψ (sεd (ϖxn, ςyn)) ≤ lim
n→∞

sεd (ϖxn, ςyn)

≤ lim
n→∞

{ψ (d (ϖxn, ςyn)) − φ (d (ϖxn, ςyn))}

On using the fact that ψ is continuous and non-decreasing and also φ is continuous,
we have

lim
n→∞

sεd (ϖxn, ςyn) ≤ ψ
(

lim
n→∞

d (ϖxn, ςyn)
)

− φ
(

lim
n→∞

d (ϖxn, ςyn)
)

≤ ψ
(

lim
n→∞

d (ϖxn, ςyn)
)
< lim

n→∞
d (ϖxn, ςyn) .

As sε > s ≥ 1, it is possible only if d (ϖxn, ςyn) = 0.

Thus ςyn → q as n → ∞.

CASE 3. If M (xn, yn) = 1
2 [d (ϑxn, ϖxn) + d (ϖxn, ςyn)]. Hence from eq. (6), as ψ

and φ are continuous functions,

lim
n→∞

ψ (sεd (ϖxn, ςyn)) ≤ lim
n→∞

sεd (ϖxn, ςyn)

≤ lim
n→∞

 ψ
(

1
2 [d (ϑxn, ϖxn) + d (ϖxn, ςyn)]

)
−φ

(
1
2 [d (ϑxn, ϖxn) + d (ϖxn, ςyn)]

)


≤ ψ

(
lim

n→∞
1
2

[d (ϑxn, ϖxn) + d (ϖxn, ςyn)]
)

−φ
(

lim
n→∞

1
2

[d (ϑxn, ϖxn) + d (ϖxn, ςyn)]
)

Making use of eq. (3) and that fact that ψ is non-decreasing, we get

lim
n→∞

sεd (ϖxn, ςyn) ≤ ψ

(
lim

n→∞
1
2
d (ϖxn, ςyn)

)
−φ

(
lim

n→∞
1
2
d (ϖxn, ςyn)

)
≤ ψ

(
lim

n→∞
1
2
d (ϖxn, ςyn)

)
≤ lim

n→∞
1
2
d (ϖxn, ςyn)

Consequently, we get d (ϖxn, ςyn) = 0
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Since σ(∆) is a closed subspace ∆, then there exists r ∈ ∆ such that, σr = q.
Next we assert that ςr = q. Suppose not, that is d(q, ςr) ̸= 0 implies that

d(q, ςr) > 0. therefore by using triangle inequality, we can write

0 < 1
s
d(q, ςr) ≤ d (q,ϖxn) + d (ϖxn, ςr) (7)

From eq. (1), on substituting x = xn and y = r, we obtain

ψ (sεd (ϖxn, ςr)) ≤ ψ (M (xn, r)) − φ (M (xn, r)) , (8)

where

M (xn, r) = max


d (ϑxn, σr) , d (ϖxn, ϑxn) , d(ςr, σr),

1
2s [d (ϖxn, σr) + d (ϑxn, ςr)] ,
1
2 [d (ϑxn, σr) + d (ϖxn, ϑxn)]


= max


d (ϑxn, q) , d (ϖxn, ϑxn) , d(ςr, q),

1
2s [d (ϖxn, q) + d (ϑxn, ςr)] ,
1
2 [d (ϑxn, q) + d (ϖxn, ϑxn)]


≤ max


d (ϑxn, q) , d (ϖxn, ϑxn) , d(ςr, q),

1
2s [d (ϖxn, q) + sd (ϑxn, q) + sd(q, ςr)] ,

1
2 [d (ϑxn, q) + d (ϖxn, ϑxn)]

 (9)

On letting limn → ∞ in eq. (8) and eq. (9), and making use of eq. (3) and the fact ψ
is continuous function, we get

sεd (ϖxn, ςr) ≤ d(q, ςr)

implies that
d (ϖxn, ςr) ≤ 1

sε
d(q, ςr)

Thus, from (7) on taking limn → ∞, we get

0 < 1
s
d(q, ςr) ≤ d (q,ϖxn) + 1

sε
d(q, ςr)

0 < 1
s
d(q, ςr) − 1

sε
d(q, ςr) ≤ 0

0 < 1
sε−1d(q, ςr) ≤ 0

This is a contradiction to our assumption, and hence d(q, ςr) = 0. that is q = ςr. Thus
we obtain that r the coincidence points of the pair (ς, σ).
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As ς(∆) ⊆ ϑ(∆) , therefore there exists a point z ∈ ∆ such that q = ϑz Next we
claim that ϑz = ϖz.

Since the elements σx and ϑy are comparable for all x, y ∈ ∆. Thus via equation
(1), we have

ψ (sεd(ϖz, ςr)) ≤ ψ(M(z, r)) − φ(M(z, r)) (10)

where

M(z, r) = max
{

d(ϑz, σr), d(ϖz, ϑz), d(ςr, σr),
1
2s [d(ϖz, σr) + d(ϑz, ςr)], 1

2 [d(ϑz, σr) + d(ϖz, ϑz)]

}

But we know that σr = ςr = ϑz = q Above equality implies that

M(z, r) = max
{

0, d(ϖz, q), 0, 1
2s

[d(ϖz, q) + 0], 1
2

[0 + d(ϖz, q)]
}

M(z, r) = d(ϖz, q)

Thus, from equation (10) and using the property of ψ and φ, we have

sεd(ϖz, ςr) ≤ d(ϖz, q)

It is possible only if d(ϖz, ςr) = 0. Therefore, ϖz = ϑz = q. Hence z is the coincidence
point of the pair (ϖ,ϑ). Thus, we get that

ϖz = ϑz = q = ςr = σr

By weak compatibility of pairs (ϖ,ϑ) and (ς, σ) we obtain

ϖq = ϑq and ςq = σq

Next we prove that q is a common fixed point of ϖ,ϑ, ς, σ
From equation (1), we have,

ψ (sεd(ϖq, q)) = ψ (sεd(ϖq, ςr)) ≤ ψ(M(q, r)) − φ(M(q, r)) (11)

where

M(q, r) = max
{

d(ϑq, σr), d(ϖq, ϑq), d(ςr, σr),
1
2s [d(ϖq, σr) + d(ϑq, ςr)], 1

2 [d(ϑq, σr) + d(ϖq, ϑr)]

}
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On using ϖq = ϑq, ςq = σq and ςr = σr = q in above equality, we get that M(q, r) =
d(ϖq, q). Thus eq. (11), gives that

sεd(ϖq, q) ≤ ψ(d(ϖq, q)) − φ(d(ϖq, q)) < ψ(d(ϖq, q)) < d(ϖq, q)

What it follows that ϖq = q = ϑq = q

Similarly one can prove that ςq = q = σq. Thus q is a common fixed point of
ϖ,ϑ, ς, σ.

Further, assume that p is another common fixed point of the maps ϖ, ς, ϑ, σ. From
Eq. (1), we have

ψ (sεd(q, p)) = ψ (sεd(ϖq, ςp)) ≤ ψ(M(q, p)) − φ(M(q, p)) (12)

where

M(q, p) = max
{

d(ϑq, σp), d(ϖq, ϑq), d(σp, ςq),
1
2s [d(ϖq, σp) + d(ϑq, ςp)], 1

2 [d(ϑq, σp) + d(ϖq, ϑp)]

}

= max
{
d(q, p), d(q, q), d(p, q), 1

2s [d(q, p) + d(q, p)],
1
2 [d(q, p) + d(q, p)]

}
= d(q, p)

Eq. (12) implies that

ψ (sεd(q, p)) ≤ ψ(d(q, p)) − φ(d(q, p))

ψ (sεd(q, p)) ≤ ψ(d(q, p))

sεd(q, p) ≤ d(q, p)

From which it follows that
d(q, p) = 0

Hence q = p. This proved our result.
EXAMPLE 3.2 Let ∆ = [0, 1] with s = 2 > 1, and let d(x, y) = |x − y|2 be a metric.
Then clearly the triplet (∆,≼, d) is a partially ordered b− metric space with x > y.

Define the maps ϖ, ς, ϑ, σ : ∆ → ∆ as

ϖx = x

12
, σx = x

6
, ςx = 0, ϑx = x

From above it is clear that ϖ(∆) ⊆ σ(∆), ς(∆) ⊆ ϑ(∆). Define two sequences {xn}
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and {yn} in ∆ such that
xn = 1

n
and yn = 2

n
Then clearly, yn ≼ xn and yn → 0 ≼ xn.

Also,

lim
n→∞

ϖxn = lim
n→∞

1
12n

= 0 ∈ ∆ and lim
n→∞

ϑxn = lim
n→∞

1
n

= 0 ∈ ∆

Hence limn→∞ϖxn→∞ = limn→∞ ϑxn→∞ = 0(= q).
Thus the pair (ϖ,ϑ) satisfied the b− (E.A.) property.
Similarly, one can see that the pair (ς, σ) will also satisfy the b− (E.A.) property.
Further, define the maps ψ,φ : [0,∞) → [0,∞) as

ψ(t) = 7t
8

and φ(t) = t

8
∀ t ∈ [0,∞)

Without loss of generality, we can set ε = 2 and s = 2, then from inequality (1) for all
x, y ∈ ∆, we have

L.H.S. = ψ (sεd(ϖx, ςy)) = ψ
(
sε|ϖx− ςy|2

)
R.H.S. = ψ(M(x, y)) − φ(M(x, y))

where

M(x, y) = max
{

d(ϑx, σy), d(ϖx, ϑx), d(ςy, σy),
1
2s [d(ϖx, σy) + d(ϑx, ςy)], 1

2 [d(ϑx, σy) + d(ϖx, ϑx)]

}

= max
{

|6x−y|2
36 , 121x2

144 , y2

36 ,
1
2s

[
|6x−12y|2

144 + x2
]
, 1

2

[
|6x−y|2

36 + 121x2

144

] }
For every x > y, we have

L.H.S. = ψ
(
sε|ϖx− ςy|2

)
= ψ

(
sε

∣∣∣∣ x12
− 0

∣∣∣∣2
)

= 7x2

36 × 8

M(x, y) = |6x− y|2

36
R.H.S. = ψ(M(x, y)) − φ(M(x, y))

= ψ

(
|6x− y|2

36

)
− φ

(
|6x− y|2

36

)

= |6x− y|2

36
≥ 7x2

36 × 8
= L.H.S.
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Hence L.H.S. ≤ R.H.S for all x, y ∈ ∆ with x > y. Thus all the conditions of Theorem
(3.1) are satisfied. Moreover, 0 is the unique common fixed point of the maps.

4. Conclusion. In this paper, a fixed point theorems for two pairs of self maps
satisfying (ψ, ϕ)-weak contractive with b-(E.A)-property in partially ordered b-metric
spaces are proved. Our results extended some of the existing results of the literature
such as the results of Ozturk & Radenovic (2015). One illustration has been provided
to support our finding.

5. Future Scope. In this research, four mappings in partially ordered b− metric
space under various assumptions were used to develop a fixed theorem. The existence
of a solution to a theoretical or real-world problem is analogous to the existence of
a fixed point for an appropriate mapping or functions in a wide variety of computer,
mathematical, economic, modeling, and engineering challenges. Interested authors can
currently expand our research towards mathematical models of diseases.
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