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This paper has been divided into three sections, of which
the first section is introductory, and the second section
deals with normal projective infinitesimal transformation
and curvature collineation in a Finsler space. In this section
we give the following definitions: affine motion, normal
projective curvature collineation, Ricci normal projective
curvature collineation and infinitesimal normal projective
transformation, also we have derived results in the form of
Lie derivatives of normal projective curvature tensor Njﬁ( n
and of the Ricci tensor N, and in this continuation we
have derived certain more results the projective deviation
tensor and its Lie derivatives. After these observations we
have derived result in the form of theorems telling as to
what will happen to the covariant vector fields b; (x, ) and
d.(x,x) when the infinitesimal normal projective
transformation ' = x* + v’ (x)dt defines an affine as well
as a non-affine motion and also derived the results which
will hold when the infinitesimal normal projective point
transformation x! = x! + v’ (x)dt defines a normal
projective curvature and normal projective Ricci
collineations. In this continuation, we have also derived
results which will hold good if the infinitesimal normal
projective transformation x' = x! + v! (x)dt itself is affine
and non-affine and also we have derived if the Finsler
space under consideration is symmetric. The third and the
last section we have study of infinitesimal projective
transformation with special reference to Cartan’s
connection l}zi(x,fc) here the previous section we have
taken in the form of normal projective connection 17]-",( (x, %)
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the two connection coefficients are quite different so
results will be different. After these observations we have
derived results in the form of theorems if the infinitesimal
transformation x' =x’ + v’ (x)dt defines an affine motion
then in such a case the vector fields b;(x,x) and d;(x,x)
should separately vanish. In this continuation we have also
derived the relationships which will hold when the
infinitesimal transformation ¥’ = x! + v’ (x)dt defines
Cartan’s curvature collineation as well as Cartan’s Ricci
collineation. In the last we have derived the relationships
which will hold when the infinitesimal transformation
= x! + v! (x)dt is non-affine and affine one in a symmetric
Finsler space.

Keywords: Normal projective infinitesimal transformation,
Normal projective curvature collineation, Ricci normal
projective curvature collineation, Lie-derivative, Cartan’s
curvature collineation, Cartan’s Ricci collineation, Affine
and non- affine motion, Symmetric Finsler space.

VNTRODUCTION

akano [9] who discussed the projective motion in a Riemannian space with bi-

recurrent curvature and Yano and Nagano [12] defined projective conformal transformation in
a Riemannian space and studies of curvature collineation and its properties in a Riemannian
space have been carried out by Katzin, Levine and Davis [1].

Sinha [7] who defined the infinitesimal projective transformation in a Finsler space and
by Pande and Kumar [4] who also defined infinitesimal transformation x‘ =x‘ + v’ (x)dt and
derived some results in the form of theorems. An attempt to extend the theory of curvature
collineation in Finsler space has been made by Singh and Prasad [8] and Pande and Kumar

[5]. The relations which exist in a Finsler space admitted by curvature collineation and other
symmetries have been studied by these researchers.

”ORMAL PROJECTIVE INFINITESIMAL TRANSFORMATION AND
CURVATURE COLLINEATION

ano [10] has defined the Lie derivatives of any tensor field Tji(x,a'c) and the

connection coefficient Hjik (x,x) with respect to the normal projective covariant derivative

respectively given as:
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£T = (VIO T (V') + T (Vo) + (3,T ) (V) 2™ - (2.2)
and £ 10} = V;V, o'+ (9,1} ) (Vv™)x* . ..(2.2)

Also we shall use the following commutation formulae in the form of the Lie-derivative
and normal projective covariant derivative

8, (5T - £,8,T) =0, - (23)
£V TiO-Ve(£,T) = T £, - Ta 11 =T £ 15 — OO (HTE)AE ... (24)
and V;({, i) — Vi(4, Hjih) = (:f.,Njikh ) +(a.r171ih)(funfj)xt _(arIinh)(IvH{k)xt - (2.9)

where, j}'( » is the normal projective curvature tensor and this curvature tensor satisfies the

identities and contractions have been given as
VPN, = (o8] — p; 1) + p(818; — 6/0,) + (:8; — 980" . ... (26)
Now we give the following definitions:

Definition (2.1): A Finsler space F, is defines to be an affine motion if there exists a
vector field v (x) satisfying

s jik = 0. .. (2.7)
Definition (2.2): A Finsler space F, is defines to be an affinely connected if
0,115, = 0. ..(2.8)

Definition (2.3): The infinitesimal point transformation x‘ = x' + v' (x)dt is defines to a
normal projective curvature collineation in a Finsler space F, if

£Nf, =0, .. (2.9)

Definition (2.4): A Finsler space F, is defines to a Ricci normal projective curvature
collineation provided there exists a vector field v (x) satisfying

£.N, =0. .. (2.10)

Definition (2.5): The infinitesimal point transformation x! =x’ + v' (x)dt is said to be an
infinitesimal normal projective transformation in an F, if

{, l'[}k = 6jibk +68ib; + g g d, .. (2.11)
where b; (x, %) and d,.(x, x) are vector fields satisfying the following
@ ob=b , (00, b =by , (c) by **=b, .. (2.12)

d) p¥'=b, (€0 d=d , od =dy,
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Q) dyx*=d,

and (h)d;x/ =d.
Using (2.9) in (2.5), we get
£,Njen = 6¢.(Y; by) +8,(V; by) + g, 97 (V; d,) — 6/ (Ve by)
=8 (Va b= i 9" (Vi d,) =0 (9 ITin ) — (OmTlir) Gy 977 dp™. ... (2.13)
where, Kroncker delta and the two fundamental tensors have vanishing normal projective
covariant derivatives.

Allowing a transvection of (2.13) by x/ x* , we have
£, Njen ¥ 25 = 8L (Vb)) & + 8LV D)%+ gy g (V)% 2
~ 5L (VD) - gjn 9" (Vied )H %* = (8,T41) g5y 977 dp "2 3F , .. (2.14)
where, we have taken into account (2.12).
Now allowing a contraction in (2.14) with respect to the indices i and h and get
£,Nj 2 x5 = (1) D) — (+1)(Vieb)i* + (V;d)x) — (V,d) "
—(0,1})gsj g7 dpp %530 X .. (2.15)

Now allowing contraction (2.13) with respect to the indices i and j and thereafter using
(2.6) we get

£,Nin = 6, (Vi by) + 6,(Vi b) + g 97 (Vi dy) —n( V. by)
~ 6L (Vh b) = 81(Vid,) = b@:lTfy, )~ 6F (Bull)dyi™. ... (2.16)
We now eliminate the term (V,, b)x* with the help of (2.14) and (2.15), we get
Qi = (M+D)[(V; bp)x' % + gi g7 (V;d, )% X5 — (Ve by )k "
~ Gjn 97 (Vied, )R %5 — (9,T1},) gs; 97 dp X537 2¥]
+(0,1})gs; g7 dp %53 2* . .. (2.17)
where Qi, = (n+1) § Njy, ¥/ x* - 6} § N}y, 2/ %"
We now take into account the projective deviation tensor mi(x, x) as has been given
W' = H-H o~ (GHf -G H) &
apply the commutation formula (2.4) to this deviation tensor and get
£, (VW) =V W) = Wi, T — Wi £, 015 — BWD (5, 115)%" - (2.18)
Using (2.11) in (2.18), we get
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£V W) =V, (W) = W (8ib, + 8bs + gor g™ dp) — W' (8D, + 8by
+ 9ir 9P dp) = O W)(SEby + 85be+ gy g dp)%" . .. (2.19)
Now we make the assumption that iV(VrVI/]-i) =0, then from (2.19), we have
V(£ W) = (0, Wb, x5 + (3, W) +(OW}') gor 9P dp 1" + Wi by
+ W gjr gPd, — W °S;bs - W' gg, 97 d, . - (2.20)
We now allowing a contraction in (2.20) with respect to the indices i and r and, get
Vi W) = @ Wb+ (B W) g g™ dykt+ Wi g g dyp- 1 Wy by= Wyd ... (2.21)
Allowing a transvection in (2.20) by x" , we get
V, (WA= (G W)b %% + b (8, W)A" + (W) ger g dyp X' %7 + Wiy X"
+ Wy gjr g dpx” — Wb X" - W g 9P d, X", .. (2.22)
while writing (2.22), we have taken into account
(@) wix =0, (b) 0uW; %" =-Wji, () dW'=0,
d) Wi =2wf, (e) W/ =0. .. (2.23)

We now eliminating the term WW,*b, with the help of (2.21) and (2.22) and after get

nv,fWHx" -V, {,WHix" =Rf +5} , .. (2.24)

where R =n[(@,W)b %° +b (9, W)X + (W) iy gF dpp %' %7
W’ g g dpx"] ... (2.25)
and St = [@sWHb x5 + (O W) gr gP dp ™% — W g0 gP d, %] . ... (2.26)

Now in view of given definitions we shall summarize all those observations and we have
obtained the result in the form of theorems. Keeping in mind the definition (2.1) and given by
(2.6), from (2.11) we arrive at the conclusion that if the infinitesimal transformation x! =x’ +
v' (x)dt defines an affine motion then the covariant vector fields b; (x, %) and d, (x, X) should
vanish. Therefore, we can state.

Theorem (2.1): If the infinitesimal normal projective transformation x* = x! + v
(x)dt is defines an affine motion in a Finsler space F, , then the covariant vector fields
b;(x,x) and d,.(x, x) appearing in (2.11) should vanish.

Now we consider that the infinitesimal transformation x' =x! + v’ (x)dt defines a
normal projective curvature collineation then in this case with the help of (2.9) and (2.13), we
can state the following:
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Theorem (2.2): If the infinitesimal normal projective point transformation x¢ = x* +
v! (x)dt is defines a normal projective curvature collineation in a Finsler space F,,, then
we shall have

85.(V;by) + 8},(V;by) + gin 9™ (V;d,) — 8, (Vi) - 8, (Vyb))
~gjn 9" (Vied,) —b(0;ITyy, ) — (0, TMip) gy 9P x™ =0 . - (2.27)
Now if we assume that the covariant vector fields b; (x,x) and d,(x,x) appearing in

(2.11) are normal projective covariant constants then in this case with the help of (2.13) we
can state:

Theorem (2.3): If the covariant vector fields b;(x, x) and d,.(x, x) appearing in (2.11)
are projective covariant constants in a Finsler space F,,, then we have
£,Nbn + b(0jITy, ) + (0,11} ) g, g P dyX™ =0 . .. (2.28)
If we assume that in the case of normal projective curvature collineation then we get:
b(a] Hlich ) + (am Hli(h)grj grp dpxm =0 (229)
where, the covariant vector fields b; (x, x) and d, (x, x) appearing in (2.11) be assumed to be
normal projective covariant constants.

Now we consider the case when the infinitesimal point transformation x° = x! + v'(x)dt
is defines a normal projective Ricci collineation then in this case we can state with the help of
(2.10) and (2.16):

Theorem (2.4): If the infinitesimal normal projective transformation x* = x! + v
(x)dt is defines a normal projective Ricci collineation in a Finsler space F, , then we
have

(1-n) (Vicbp) + gin 97 (Vjd,) — (Vicbp) — b (0,14, ) — (9, T1}y) dix™ = 0. ... (2.30)

Now, in a Finsler space if we assume that the infinitesimal point transformation x* =x‘ +
v' (x)dt is defines non-affine such that the normal projective covariant derivative of the

deviation tensor Wji is an invariant then, we can state:

Theorem (2.5): If the infinitesimal normal projective transformation x* = x! + v'
(x)dt is defines non-affine in a Finsler space F,,, then (2.18) is always true provided the
considered infinitesimal normal projective transformation leaves invariant the projective
covariant derivative of the deviation tensor W;'- .

Whereas, in case the infinitesimal point transformation is affine one then we can state:
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Theorem (2.6): If the infinitesimal normal projective transformation X! =xi + v!
(x)dt is affine one in a Finsler space F, , then Q! = 0, provided the considered
infinitesimal transformation leaves invariant the projective covariant derivative of the
deviation tensor W} . where

L= (n+1) £,,N,’:k;. ik - 8 ;{”N},a- ik .. (2.31)
We now consider the case when symmetric Finsler space, then the normal projective

covariant derivative of the deviation tensor I/W vanishes i.e. V, Wji =0, then, we can state:

Theorem (2.7): If the infinitesimal normal projective transformation ! = x! + v!
(x)dt is defines non-affine one in a symmetric Finsler space F,,, then (2.23) always holds
where R]"- and S]"- appearing in (2.24) have been given by (2.25) and (2.26) respectively.

Theorem (2.8): If assume that the infinitesimal normal projective transformation
xi = x! + v (x)dt is deffines affine one in a symmetric Finsler space F,, , then Qi =0
always holds, where Q% has been given by (2.31).

VNFlNlTESlMAL PROJECTIVE TRANSFORMATION WITH SPECIAL
REFERENCE TO CARTAN’'S CONNECTION l"]-*ki(x, x) 2
he studies in this section keeping in mind the Cartan’s first covariant derivative has
been defined as
Ty = 0pTy — 0, Ty 0nG* — Ty T — Tuc I3 - (3.1)
the Lie-derivatives of an arbitrary tensor Tji(x, x) and Cartan’s connection coefficients

I},j"(x, x) can be written in the following forms by Yano [10],

Ivrl}i(x! X) = ji|r v+ (at Y}i)vfs X" 7}Sv|is +Tsiv|§' (32)

and LI (x, %) = vi + K v* + (05 [iDvj; x° .. (3.3)
where, the quantities jl}{s is Cartan’s first curvature tensor defined by

Lo % = 0,6 — 0,61~ G, G + GL, Gf - (34)

and this curvature tensor satisfies the identities as given by following forms,
@) Kis= K, (0) Kies + Kies; + Kgjie = 0. ... (3.5)

The following commutation formulae involving the Lie derivative and Cartan’s first
covariant derivative as given by (Yano [10])



110 Acta Ciencia Indica, Vol. XLVI-M, No. 1 to 4 (2020)

£,0,T)-0,(§,T) =0, .. (36)
(£,T — £,TY) =T E 0 - T 0 — 0, T) £, 5™ - (3.7)
(£,5Or —£,EGeh) = £,Kie +205 L) £,L3%" . .. (38)

Now we defined the following definitions which are use in the later discussion:

Definition (3.1): A Finsler space E, is defines to be an affine motion if there exists a
vector field v (x) satisfying

fvl}*i =0. .. (3.9)
Definition (3.2): A Finsler space F, is defines to be an affinely connected if
o, ;' =0. ... (3.10)

Definition (3.3): The infinitesimal point transformation x' =x' + v' (x)dt is defines to a

Cartan’s curvature collineation in a Finsler space F, if

§, jihk =0. .. (3.11)
Definition (3.4): A Finsler space F, is defines to a Cartan’s Ricci collineation provided
there exists a field v (x) satisfying

£ K= 0. .(3.12)

Difinition (3.5): The infinitesimal point transformation ¥’ = x' + v' (x)dt is defines an
infinitesimal projective transformation in a Finsler space F, , if

£,0 =8/by + 8pby — g g™ d, .. (3.13)
where b; (x, ) and d,.(x, x ) appearing in (3.13) satisfies the identities as given in (2.12).
Using (3.13) in the commutation formula given by (3.8), we get
£,Khjie = 285 byjiy + b8y +9" e gin- 0sThly guyeg™ dr %'3. ... (3.14)
Now we allowing a transaction in (3.14) by x" and x/ and get
£, K & 20 = 2byxt- 8pby X"~ by % % - g7 k" %7 (ghjdy e — Gridyj)---r (3.15)
Now we allowing a contraction in (3.14) with respect to the indices i and k and get
£, K = by —n by + dyyy — dr g {0sThD g — (0sTh) gy 3%, ... (3.16)
where Ky =K.
Now we allow a transvection in (3.16) by %" %/ and thereafter use (2.11) and get

£, Kpy %" %0 = {(1-n)by+d), 3x". .. (3.17)
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Now eliminate the term b|h5ch using (3.15) and (3.17), we get

Mji(x,x) = (Siidm?‘fh‘*(l* n){xi(2b|k_ bk|j55j) *girffh x/ (ghj drlk_ ghkdrU)}!

..(3.18)
where M (x,%) = (1-n)§ K x" %/ +§ K;; " &6}, . ... (3.19)
Now we take the projective deviation tensor mi(x, x) as has been given
. . . 1 . . . .
w; :I-I]-‘—H(Sj‘—m(ail-lj‘—ajH) xt, ... (3.20)
and applying the commutation formula (3.7) and get
(E WD — £, W)= W £ - Wi £, TR —(0,WHE, Tt - (3.21)
Using (3.8) in (3.21), we get
(W) — £, Wi = bW/ 8¢~ bW — 2b, W —b (O, W)
—d, [W ghs g™ - 9" Wi g5+ (0 W) o' Y], .. (3.22)

while (3.22), we have taken into account as given in (2.11).

Now we make the Cartan’s first covariant derivative of the projective deviation tensor is a

Lie invarianti.e. { =0, then from (3.22), we get

iils
(£,W")ys = bW/ 8L — bWl - 2b, Wi —b (8, W)
—d, (W gnsg™ — 9" {Wiig;s+ (0, W) gse %}, .. (3.23)
Now we allowing a contraction in (3.23) with respect to the indices i and s, we get
(£,W))i = (0-2) bW~ dy W +g"" d AW} gjs +(0nW}') gie %} -(3.24)
Now allowing a transvection in (3.23) by x*, we get
(£,W) 55 = by W %'~ 4bW}' — d, %5 [W}" gps g
—g"{Wig;s + W) guex'}], ... (3.25)
while writing (3.25), we have taken into account (2.23).

Now eliminating the term b, mh with the help of (3.24) and (3.25), we get
(-2) (§,W)jsx° = (§,W)s2° = Ef — F' . (3.26)
where  E' = Wdyx'- g" d, x (W} g;s + (0, W°) g '} .. (3.27)

and E' = (n-2)[4bW' +d, % {W}" gns 9" — 9" Wi gjs+ 9" (W) g X'}l ....(3.28)
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Now we summaries all these observations in the light of definitions given in this section
and accordingly statements can be made in the form of theorems. we take into account the
definition (3.5), we arrive at the results if the infinitesimal transformation x‘ =x! + v’ (x)dt
is defines an affine motion then in such a case the vector fields b;(x, %) and d.(x, %) should
vanish and therefore we can state:

Theorem (3.1): If assume the infinitesimal transformation xt = x'+ vi(x)dt is defines
an affine motion in a Finsler space F,, then the covariant vector fields b;(x,x) and
d,.(x,x) appearing in (3.13) should vanish.

Now we consider when the infinitesimal point transformation x! + v' (x)dt defines a

Cartan’s curvature collineation then in such a case with the help of (3.11) and (3.14), we get
Spby + bh|[k5ji]+girdr|[kgj]h' 655?{; Iieg* dy %t =0. .. (3.29)
With the help of (3.29), therefore we can state:

Theorem (3.2): If the infinitesimal transformation x' = x! + v'(x)dt is defines
Cartan’s curvature collineation in a Finsler space F,, , then (3.29) always holds.
Now if we assume that the vector fields b; (x, x ) and d,.(x, ¥ ) are covariant constants with

respect to Cartan’s first covariant derivative then, we can state:

Theorem (3.3): If the covariant vector fields b;(x,x) and d,(x,x) appearing in

(3.13) be defined to be covariant constants with respect to Cartan’s first covariant
derivative then, we have

£,Khjx + 05Tl 91:9d, % = 0. ...(3.30)
Now we consider when the infinitesimal transformation X = x' + vi(x)dt is defines
Cartan’s Ricci collineation then in such case with the help of (3.10) and (3.16), we can state:

Theorem (3.4): If the infinitesimal transformation x' = x' + v'(x)dt is defines

Cartan’s Ricci collineation in a Finsler space F,, , then we have
bjin - nbyj + dy; - d, gsr{(asrﬁ;)gti - (asrﬁf)gtj}xt =0. -(3.31)
Now, we assume that the infinitesimal point transformation x‘ = x! + vi(x)dt is defines

non-affine such that the Cartan’s first covariant derivative of the deviation tensor VI/]'-i , is an

invariant then under such case we can state:

Theorem (3.5): If the infinitesimal transformation x* = x' + v'(x)dt is defines non-
affine one in a Finsler space F,, , then (3.21) is always true, provided that the assumption
infinitesimal transformation leaves invariant the Cartan’s first covariant derivative of
the deviation tensor.
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Now suppose when the infinitesimal transformation is affine one then in such case, we
can state:

Theorem (3.6): If the infinitesimal transformation x¢ = x* + vi(x)dt is defines affine
one in a Finsler space F, , then M = 0 provided that the assumption infinitesimal
transformation leaves invariant the Cartan’s first covariant derivative of the deviation
tensor where Mt (x, x) is given by (3.19).

Now we assume that when the case is symmetric Finsler space, then the Cartan’s first

covariant derivative of the deviation tensor will vanish i.e. ji|k =0, we can state:

Theorem (3.7): If the infinitesimal transformation x* = x' + v'(x)dt is defines non-
affine one in a symmetric Finsler space F,, , then (3.26) is always true.

Theorem (3.8): If the infinitesimal transformation x* =x! + v'(x)dt is defines affine
one in a symmetric Finsler space F,, , then (3.27) is always true.

oncLusion :

his paper has been devoted to the study of Infinitesimal transformation in a Finsler

space. The paper has been divided into three sections of which the first section is introductory
and the second section deals with normal projective infinitesimal transformation and curvature
collineation in a Finsler space FE,. After giving a series of definitions we obtained the results
involving Lie-derivatives of normal projective curvature tensor Nj‘;(h and the Ricci tensor N,
and in this continuation we have derived many more results involving the projective deviation
tensor and its Lie derivatives and consequent upon these derivations we have put our
observations on record in the form of theorems telling as to what will happen to the covariant
vector fields b; (x,x) and d, (x,x) when the infinitesimal normal projective transformation
xt =x' + vi(x)dt defines an affine as well as non-affine motion, and in continuation have
also derived the results which will hold in case the infinitesimal normal projective
transformation under consideration defines normal projective curvature and normal projective
Ricci collineation and in the last results have been derived when the infinitesimal
transformation under consideration is itself non-affine and affine one respectively. The third
and the last section we have study of infinitesimal projective transformation with special
reference to Cartan’s connection l“j*,‘j (x, x) here the previous section we have taken in the form
of normal projective connection ]-ik (x, %) , the two connection coefficients are quite different

so results will be different. After carrying out a series of related derivations we have
summarized the observations in the form of theorems notable amongst them are as to what
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will happen to the covariant vector fields b;(x,x) and d,(x,%) when the infinitesimal
transformation under the consideration defines an affine motion and also as to what
relationships will hold in such a case when the covariant vectors are assumed to be covariant
constants. In this continuation we have also derived the relationships which will hold when the
infinitesimal transformation under consideration defines Cartan’s curvature collineation and
Cartan’s Ricci collineation. In the last we have derived the relationships which will hold in a
symmetric Finsler space when the infinitesimal transformation under consideration is affine
and non-affine one.
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