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This paper has been devoted to the study of R- 

generalized and special R-generalized recurrent Finsler 

spaces of the second order (of first and second kind). In 

this paper first section is introductory. In the second 

section we have studied curvature tensors arising from 

Berwald connection and Cartan connection. In the third 

section we have taken into account Cartan’s third 

curvature tensor 𝑅𝑗𝑘 ℎ
𝑖  and have defined R- generalized 

recurrent Finsler space of the second order (of first and 

second kinds) also we have defined special R-generalized 

recurrent Finsler spaces of the second order (of first and 

second kinds). During the course of these studies we have 

derived the some conditions under which R-generalized 

recurrent Finsler spaces and special R-generalized 

recurrent Finsler space of the second order of first and 

second kinds. In this paper we have also established the 

characterizing properties of generalized R- recurrent 

Finsler space and special R-generalized recurrent Finsler 

space of the second order and also we have established 

the conditions which Ricci tensor 𝑅𝑗𝑘  satisfies in such first 

and second kinds of recurrent spaces.  

Keywords:  R- generalized and special R-generalized 

recurrent Finsler spaces, Cartan’s third curvature tensor, 

Ricci tensor 𝑅𝑗𝑘 . 

INTRODUCTION 

Matsumoto [1], Walker [11], Adati and Miyazawa [5] have studied the properties of 

recurrent Riemannian space by assuming different types of curvature tensors in 𝑉𝑛 . Mishra and 

Pande [2], Sen, R.N.[9] have studied the recurrent Finsler spaces, Chaki and Roy Chandham 

[3] have introduced the Ricci-recurrent spaces of the second order in Riemannian geometry. 

Sinha and Singh [7] have discussed the recurrent Finsler spaces of the second order and have 
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studied the properties of the recurrence vector and tensor fields, they have also discussed the 

recurrence properties of the Berwald’s curvature tensor field 𝐻𝑗𝑘 ℎ
𝑖  equipped with symmetric 

connection coefficients 𝐺𝑗𝑘
𝑖  in an n-dimensional Finsler space. Roy [8] has defined genralised 

2- recurrent Remannian space. An attempt to extend the theory of genralised 2-recurrent 

curvature tensor to Finsler geometry has been made by Pande and Khan [4]. Mishra [6] has 

given a comparative study of various type of recurrent Finsler space by using Barwald’s and 

Cartan’s curvature tensors. 

CURVATURE TENSORS ARISING FROM BERWALD CONNECTION AND 

CARTAN CONNECTION: 

The geodesic deviation has been given in the following form: (Rund [13] ) 

            
𝛿2𝑍𝑗

𝛿𝑢2
 + 𝐻𝑘

𝑗
(𝑥, 𝑥 ) 𝑍𝑘  = 0, ...(2.1) 

where  𝑍𝑘  is called the “variation vector” and the tensor 𝐻𝑘
𝑗
 (𝑥, 𝑥 ) is said to be the deviation 

tensor defined by  

    𝐻𝑘
𝑗
 (𝑥, 𝑥 ) = 𝐾𝑖ℎ𝑘

𝑗
𝑥 𝑖𝑥 ℎ  . ...(2.2) 

It can be also written in the form  

    𝐻𝑘
𝑖  = 2𝜕𝑘𝐺

𝑖 − 𝜕ℎ𝐺𝑘
𝑖 𝑥 ℎ  + 2𝐺𝑘𝑠

𝑖 𝐺𝑠 − 𝜕 𝑠𝐺
𝑖𝜕𝑘𝐺

𝑠  , ...(2.3) 

where, we have using of the fact that the function 𝐺𝑠(𝑥, 𝑥 ) is positively homogeneous of 

degree two  in 𝑥 𝑖’s. The tensor defined by  

 (a)   𝐻𝑗𝑘
𝑖   𝑥, 𝑥  = −

1

3
  (𝜕 𝑗𝐻𝑘

𝑖 − 𝜕 𝑘𝐻𝑗
𝑖 ) ...(2.4) 

and (b)  𝐻𝑗𝑘𝑠
𝑖  (𝑥, 𝑥 ) = 𝜕 𝑗𝐻𝑘𝑠

𝑖 = −
1

3
𝜕 𝑗 (𝜕 𝑘𝐻𝑠

𝑖 − 𝜕 𝑆𝐻𝑘
𝑖 ) 

are given in terms of 𝐺𝑖(𝑥, 𝑥 ) by the following equations: 

  𝐻𝑗𝑘
𝑖  (𝑥, 𝑥 ) = 𝜕𝑘𝜕 𝑗𝐺

𝑖 − 𝜕𝑗𝜕 𝑘𝐺
𝑖  +𝐺𝑘𝑡

𝑖 𝜕 𝑗𝐺
𝑡 − 𝐺𝑡𝑗

𝑖 𝜕 𝑘𝐺
𝑡 , ...(2.5) 

and    𝐻ℎ𝑗𝑘
𝑖  (𝑥, 𝑥 ) = 𝜕𝑘𝐺ℎ𝑗

𝑖 − 𝜕𝑗𝐺ℎ𝑘
𝑖  + 𝐺ℎ𝑗

𝑡 𝐺𝑡𝑘
𝑖 −  𝐺ℎ𝑘

𝑡 𝐺𝑡𝑗
𝑖   + 𝐺𝑡ℎ𝑘

𝑖 𝜕 𝑗𝐺
𝑡 − 𝐺𝑡ℎ𝑗

𝑖 𝜕 𝑘𝐺
𝑡 , ...(2.6) 

respectively, where  

 (a)  𝐺ℎ𝑗𝑘
𝑖  (𝑥, 𝑥 )  ≝ 𝜕 ℎ𝐺𝑗𝑘

𝑖  ...(2.7) 

 (b)  𝐺ℎ𝑗𝑘
𝑖 𝑥 ℎ  = 0. 

The Curvature tensor 𝐻ℎ𝑗𝑘
𝑖  and 𝐾ℎ𝑗𝑘

𝑖  are related by  

    𝐻ℎ𝑗𝑘
𝑖  = 𝐾ℎ𝑗𝑘

𝑖  +𝑥 𝑟  𝜕 ℎ𝐾𝑟𝑗𝑘
𝑖   , ... (2.8) 

                𝐻𝑖𝑗𝑘𝑠 𝑥 
𝑖  = 𝐾𝑖𝑗𝑘𝑠 𝑥 

𝑖  ...(2.9) 
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and     𝐻ℎ𝑗𝑘
𝑖 𝑥 ℎ  = 𝐾ℎ𝑗𝑘

𝑖 𝑥 ℎ  = 𝐻𝑗𝑘
𝑖   . ...(2.10) 

The Berwald curvature tensor satisfies the following identities: 

                       𝐻ℎ𝑗𝑘
𝑖  + 𝐻𝑗𝑘 ℎ

𝑖  + 𝐻𝑘ℎ𝑗
𝑖  = 0  , ...(2.11) 

           {𝐻𝑠𝑖𝑘  𝑡 
𝑟  + 𝐻𝑠𝑡𝑖 (𝑘)

𝑟  + 𝐻𝑠𝑘𝑡 (𝑖)
𝑟  } 𝑥 𝑠 = 0, ...(2.12) 

                  𝐻𝑖𝑘  𝑡 
𝑟  + 𝐻𝑡𝑖(𝑘)

𝑟  + 𝐻𝑘𝑡(𝑖)
𝑟  = 0, ...(2.13) 

  𝐻𝑗𝑖𝑘  𝑡 
𝑟  + 𝐻𝑗𝑡𝑖 (𝑘)

𝑟  + 𝐻𝑗𝑘𝑡 (𝑖)
𝑟  + 𝐻𝑖𝑘

𝑚  𝐺𝑚𝑗𝑡
𝑟  + 𝐻𝑡𝑖

𝑚  𝐺𝑚𝑗𝑘
𝑟  + 𝐻𝑘𝑡

𝑚  𝐺𝑚𝑗𝑖
𝑟  = 0. ...(2.14) 

The following contractions shall be used in the following form: 

 (a)  𝐻𝑖  =𝐻𝑖ℎ
ℎ      ...(2.15) 

 (b)  𝐻𝑖𝑗  =𝐻𝑖𝑗 ℎ
ℎ  =𝜕 𝑖𝐻𝑗   ,  

 (c)  𝐻𝑗ℎ − 𝐻ℎ𝑗  =𝐻𝑠ℎ𝑗
𝑠 , 

 (d)  𝐻ℎ𝑗
𝑖  𝑥 ℎ  =𝐻𝑗

𝑖 ,  

 (e)  𝐻𝑗
𝑖  𝑥 𝑗  = 0, 

 (f)  𝜕 𝑖𝐻𝑗
𝑖  𝑥 𝑗  = −𝐻𝑖

𝑖 ,      

 (g)  𝐻𝑖
𝑖  = (n – 1)H. 

The commutation formulae involving the tensor  𝐻𝑗𝑘𝑡
𝑖  and 𝐺𝑗𝑘𝑡

𝑖  are given by  

 (a)  𝑇 ℎ  𝑘 − 𝑇 𝑘  ℎ  = (−𝜕𝑖T) 𝐻ℎ𝑘
𝑖 , ...(2.16) 

 (b)  𝑇𝑗  ℎ (𝑘)
𝑖 − 𝑇𝑗  𝑘 (ℎ)

𝑖  = −𝜕 𝑟𝑇𝑗
𝑖𝐻ℎ𝑘

𝑟  + 𝑇𝑗
𝑟𝐻𝑟ℎ𝑘

𝑖 − 𝑇𝑟
𝑖𝐻𝑗ℎ𝑘

𝑟   

and   (a)  (𝜕 𝑘𝑇)(𝑙) − 𝜕 𝑘(𝑇(𝑙)) = 0, ...(2.17) 

 (b)  (𝜕 𝑘𝑇𝑗
𝑖) ℎ − 𝜕 𝑘(𝑇𝑗 (ℎ)

𝑖 ) =𝑇𝑟
𝑖𝐺𝑗𝑘 ℎ

𝑟 − 𝑇𝑗
𝑟𝐺𝑟𝑘ℎ

𝑖 . 

The Ricci identities for a tensor 𝑇𝑗
𝑖  involving ℎ- and 𝜈- covariant derivative with respect 

to the Cartan connection are given by [11] 

   𝑇𝑗 |ℎ|𝑘
𝑖  – 𝑇𝑗 |𝑘|ℎ

𝑖  = 𝑇𝑗
𝑚𝑅𝑚ℎ𝑘

𝑖  – 𝑇𝑚
𝑖 𝑅𝑗ℎ𝑘

𝑚  – 𝑇𝑗 |𝑚
𝑖 𝑅ℎ𝑘

𝑚   , ...(2.18) 

   𝑇𝑗 |ℎ|𝑘
𝑖  – 𝑇𝑗 |𝑘|ℎ

𝑖  = 𝑇𝑗
𝑚𝑃𝑚ℎ𝑘

𝑖  – 𝑇𝑚
𝑖 𝑃𝑗ℎ𝑘

𝑚  - 𝑇𝑗 |𝑚
𝑖 𝐶ℎ𝑘

𝑚  – 𝑇𝑗 |𝑚
𝑖 𝑃ℎ𝑘

𝑚   , ...(2.19) 

   𝑇𝑗 |ℎ|𝑘
𝑖  – 𝑇𝑗 |𝑘|ℎ

𝑖  = 𝑇𝑗
𝑚𝑆𝑚ℎ𝑘

𝑖  – 𝑇𝑚
𝑖 𝑆𝑗ℎ𝑘

𝑚  ...(2.20) 

where           𝑅ℎ𝑘𝑚
𝑖  = Ѳ(ℎ𝑚), 

𝜕𝛤ℎ𝑘
∗𝑖

𝜕𝑥𝑚
 – 𝜕𝛤ℎ𝑘

∗𝑖

𝜕𝑥 𝑟
 𝐺𝑚

𝑟  +  𝛤ℎ𝑘
∗𝑟𝛤𝑟𝑚

∗𝑖  +  𝐶ℎ𝑟
𝑖 𝑅𝑘𝑚

𝑟    ...(2.21) 

    𝑅ℎ𝑘
𝑖   = 𝑅ℎ𝑘𝑚

𝑖 𝑥 𝑚   = Ѳ(ℎ𝑚)   
𝜕𝐺ℎ

𝑖

𝜕𝑥𝑘
 – 

𝜕𝐺ℎ
𝑖

𝜕𝑥 𝑚
 𝐺𝑘

𝑚 , ...(2.22) 

The tensors defined by (2.21), (2.22) and (2.23) are called Cartan’s curvature tensors. 

Also, it is known as ℎ- curvature tensor, ℎ𝜈- curvature tensor and 𝜈- curvature tensor. 
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R-GENERALIZED AND SPECIAL R-GENERALIZED RECURRENT FINSLER 

SPACES OF THE SECOND ORDER : 

In a Finsler space the Cartan’s third curvature tensor 𝑅𝑗𝑘 ℎ
𝑖 (𝑥, 𝑥 ) satisfies the recurrence 

properties with respect to the requisite connection Verma [12]. Therefore, the characterized 

property is given by  

    𝑅𝑗𝑘 ℎ|𝑚
𝑖  = 𝜇𝑚  𝑅𝑗𝑘 ℎ

𝑖  ,         ...(3.1) 

where  𝜇𝑚 (𝑥)  is known as non-zero recurrence vector field.  A R-recurrent space of order two 

is a Finsler space in which the curvature tensor under assumption (with respect to the Cartan’s 

connection 𝛤𝑗𝑘
∗𝑖) satisfies 

    𝑅𝑗𝑘 ℎ|𝑚|𝑙
𝑖  = 𝛼𝑙𝑚  𝑅𝑗𝑘 ℎ

𝑖  , ... (3.2) 

where  𝛼𝑙𝑚 (𝑥, 𝑥 ) is associated tensor of recurrence and it is covariant of order two. 

We now take into consideration a Finsler space in which the curvature under assumption 

satisfies 

   𝑅𝑗𝑘 ℎ|𝑚|𝑙
𝑖  = 𝜇𝑙  𝑅𝑗𝑘 ℎ|𝑚

𝑖 + 𝛼𝑙𝑚  𝑅𝑗𝑘 ℎ
𝑖    ... (3.3) 

and    𝑅𝑗𝑘 ℎ|𝑚|𝑙
𝑖  = 𝜇𝑚  𝑅𝑗𝑘 ℎ|𝑙

𝑖 + 𝛼𝑙𝑚  𝑅𝑗𝑘 ℎ
𝑖   .  ...(3.4) 

Here, we shall call the space satisfying (3.3) and (3.4) as generalized R- recurrent Finsler 

space of the second order of first and second kinds respectively. In this continuation it has also 

been observed that if the curvature tensor under assumption satisfies 

   𝑅𝑗𝑘 ℎ|𝑚|𝑙
𝑖  = 𝜇𝑙  𝑅𝑗𝑘 ℎ|𝑚

𝑖  ...(3.5) 

and            𝑅𝑗𝑘 ℎ|𝑚|𝑙
𝑖  = 𝜇𝑚  𝑅𝑗𝑘 ℎ|𝑙

𝑖   ,      ...(3.6) 

then we call such a space as special R- generalized recurrent Finsler space of the second order 

of first and second kinds respectively. If we further suppose that the recurrence vector 

appearing in (3.3) and (3.4) is zero then the space reduces into a R- recurrent Finsler space of 

the second order. We now transvect the equations (3.3) to (3.6) by covariant fundamental 

tensor 𝑔𝑖𝑝  and thereafter, we  get 

   𝑅𝑝𝑗𝑘 ℎ|𝑚|𝑙
  = 𝜇𝑙  𝑅𝑝𝑗𝑘 ℎ|𝑚

 + 𝛼𝑙𝑚  𝑅𝑝𝑗𝑘 ℎ
  , ... (3.7) 

   𝑅𝑝𝑗𝑘 ℎ|𝑚|𝑙
  = 𝜇𝑚  𝑅𝑝𝑗𝑘 ℎ|𝑙

 + 𝛼𝑙𝑚  𝑅𝑝𝑗𝑘 ℎ
  , ...(3.8) 

   𝑅𝑝𝑗𝑘 ℎ|𝑚|𝑙
  = 𝜇𝑙  𝑅𝑝𝑗𝑘 ℎ|𝑚

  , ...(3.9) 

and      𝑅𝑝𝑗𝑘 ℎ|𝑚|𝑙
  = 𝜇𝑚  𝑅𝑝𝑗𝑘 ℎ|𝑙

   , ...(3.10) 

whereas, if we transvect the equations (3.7) to (3.10) by contravariant fundamental tensor 𝑔𝑖𝑝  

immediately we get back the set of equations (3.3) to (3.6). Therefore we can state: 
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Theorem (3.1): 

The characterizing properties of R-generalized and special R-generalized recurrent 

Finsler space of the second order of the two kinds are respectively given by the equation 

(3.7) to (3.10). 

Theorem (3.2): 

The equations given by (3.3) to (3.6) and (3.7) to (3.10) are respectively found to be 

equivalent in R- generalized and special R- generalized recurrent Finsler spaces of the 

second order of the first and second kinds. 

Now allowing a contraction in the set of equations (3.3) to (3.6) with respect to the 

indices i and h, we get 

   𝑅𝑗𝑘 |𝑚|𝑙
  = 𝜇𝑙  𝑅𝑗𝑘 |𝑚

 + 𝛼𝑙𝑚  𝑅𝑗𝑘
  , ... (3.11) 

   𝑅𝑗𝑘 |𝑚|𝑙
  = 𝜇𝑚  𝑅𝑗𝑘 |𝑙

 + 𝛼𝑙𝑚  𝑅𝑗𝑘
  , ...(3.12) 

   𝑅𝑗𝑘 |𝑚|𝑙
  = 𝜇𝑙  𝑅𝑗𝑘 |𝑚

  ...(3.13) 

and      𝑅𝑗𝑘 |𝑚|𝑙
  = 𝜇𝑚  𝑅𝑗𝑘 |𝑙

  ,  ...(3.14) 

respectively.  After these observations, therefore we can state: 

Theorem (3.3): 

The set of equations given by (3.11) to (3.14) are always satisfied by the Ricci tensor 

𝑹𝒋𝒌 in a  R- generalized and special R- generalized recurrent Finsler spaces of the second 

of the first and second kinds. 

Now, here it can easily we observed that if the Ricci tensor satisfies (3.11) or (3.12) then 

it is not necessary that such a Ricci tensor be generalized R- recurrent of the second order of 

the two kinds. Also will arise the Ricci tensor satisfies (3.13) or (3.14), in such a case it is not 

necessary that Ricci tensor will be special generalized R- recurrent of the second order of the 

two kinds. 

Matsumoto [1] introduced a tensor 𝑅𝑖𝑗𝑘 ℎ  in the form  

   𝑅𝑖𝑗𝑘 ℎ   =  𝑔𝑖𝑘  𝐿𝑗ℎ
  + 𝑔𝑗ℎ  𝐿𝑖𝑘

    (– i/h)        ...(3.15) 

where  (a)  𝐿𝑖𝑘  = 
1

(𝑛−2)
 (𝑅𝑖𝑘  – 

𝛾

2
 𝑔𝑖𝑗 ) , ...(3.16) 

 (b) 𝛾 = 
1

(𝑛−1)
 𝑅𝑖

𝑖       

And called the characterizing space as a R3- like Finsler space. Let us now consider an 

R3- like generalized Ricci and special generalized Ricci recurrent of the second order of the 

two kinds then after applying the process as have been applied previously, we can get,  

   𝑅𝑖𝑗𝑘 ℎ|𝑚|𝑙
  = 𝜇𝑙  𝑅𝑖𝑗𝑘 ℎ|𝑚

 + 𝛼𝑙𝑚  𝑅𝑖𝑗𝑘 ℎ
  , ... (3.17) 

   𝑅𝑖𝑗𝑘 ℎ|𝑚|𝑙
  = 𝜇𝑚  𝑅𝑖𝑗𝑘 ℎ|𝑙

 + 𝛼𝑙𝑚  𝑅𝑖𝑗𝑘 ℎ
  , ... (3.18) 
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   𝑅𝑖𝑗𝑘 ℎ|𝑚|𝑙
  = 𝜇𝑙  𝑅𝑖𝑗𝑘 ℎ|𝑚

  ...(3.19) 

and          𝑅𝑖𝑗𝑘 ℎ|𝑚|𝑙
  = 𝜇𝑚  𝑅𝑖𝑗𝑘 ℎ|𝑙

   .  ...(3.20) 

After these observations, therefore we can state: 

Theorem (3.4): 

In a Finsler space 𝑭𝒏 , 𝑹- generalized and special 𝑹- generalized recurrent spaces of 

the second order of the two kinds are Ricci generalized and special Ricci generalized of 

the first and second kinds but not necessarily the converse. 

Transvection of the equation (3.3) to (3.6) by 𝑥 𝑗  gives 

   𝐻𝑘ℎ|𝑚|𝑙
𝑖  = 𝜇𝑙  𝐻𝑘ℎ|𝑚

𝑖  + 𝛼𝑙𝑚𝐻𝑘ℎ
𝑖  ,   ... (3.21) 

   𝐻𝑘ℎ|𝑚|𝑙
𝑖  = 𝜇𝑚  𝐻𝑘ℎ|𝑙

𝑖  + 𝛼𝑙𝑚  𝐻𝑘ℎ
𝑖  ,  ...(3.22) 

   𝐻𝑘ℎ|𝑚|𝑙
𝑖  = 𝜇𝑙  𝐻𝑘ℎ|𝑚

𝑖  ...(3.23) 

and          𝐻𝑘ℎ|𝑚|𝑙
𝑖  = 𝜇𝑚  𝐻𝑘ℎ|𝑙

𝑖  . ...(3.24) 

Again tranvection of the equations (3.21) to (3.24) by 𝑥 𝑘  gives 

   𝐻ℎ|𝑚|𝑙
𝑖  = 𝜇𝑙  𝐻ℎ|𝑚

𝑖  + 𝛼𝑙𝑚  𝐻ℎ
𝑖  ,       ...(3.25) 

     𝐻ℎ|𝑚|𝑙
𝑖  = 𝜇𝑚  𝐻ℎ|𝑙

𝑖  + 𝛼𝑙𝑚  𝐻ℎ
𝑖  ,    ...(3.26) 

   𝐻ℎ|𝑚|𝑙
𝑖  = 𝜇𝑙  𝐻ℎ|𝑚

𝑖                                                                                       ...(3.27) 

and          𝐻ℎ|𝑚|𝑙
𝑖  = 𝜇𝑚  𝐻ℎ|𝑙

𝑖  . ...(3.28) 

Now allowing a contraction in (3.21), (3.22), (3.23) and (3.24) with respect to the 

indices 𝑖 and ℎ, we have 

   𝐻|𝑚|𝑙
  = 𝜇𝑙  𝐻|𝑚

  + 𝛼𝑙𝑚  𝐻 
  ,   ...(3.29) 

   𝐻|𝑚|𝑙
  = 𝜇𝑚  𝐻|𝑙

  + 𝛼𝑙𝑚  𝐻 
  ,   ...(3.30) 

   𝐻|𝑚|𝑙
  = 𝜇𝑙  𝐻|𝑚

     ...(3.31) 

and          𝐻|𝑚|𝑙
  = 𝜇𝑚  𝐻|𝑙

  . ...(3.32) 

After these observations, therefore we can state: 

Theorem (3.5): 

In Finsler space 𝑭𝒏 ,  𝑹- generalized and special R- generalized recurrent Finsler 

space of the second order of the first and second kinds the tensors 𝑯𝒌𝒉
𝒊  , 𝑯𝒉

𝒊  , the vector 

𝑯𝒌 and the scalar H are also R- generalized and special R- generalized recurrent of the 

second order of the two kinds. 
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CONCLUSION 

This paper has been divided into three sections of which the first section is introductory. 

In the second section we have studied curvature tensors arising from Berwald connection and 

Cartan connection. In the third section we have taken into account Cartan’s third curvature 

tensor 𝑅𝑗𝑘 ℎ
𝑖  and have defined R- generalized recurrent Finsler space of the second order (of 

first and second kinds) also we have defined special R-generalized recurrent Finsler spaces of 

the second order (of first and second kinds). During the course of these studies we have 

derived the some conditions under which R-generalized recurrent Finsler spaces and special R-

generalized recurrent Finsler space of the second order of first and second kinds. In this 

continuation we have established results in the form of theorems. The characterizing 

properties of generalized R- recurrent Finsler space and special R-generalized recurrent Finsler 

space of the second order and also we have established the conditions which Ricci tensor 𝑅𝑗𝑘  

satisfies in such first and second kinds of recurrent spaces. 
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