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This paper has been devoted to the study of R-
generalized and special R-generalized recurrent Finsler
spaces of the second order (of first and second kind). In
this paper first section is introductory. In the second
section we have studied curvature tensors arising from
Berwald connection and Cartan connection. In the third
section we have taken into account Cartan’s third
curvature tensor R}kh and have defined R- generalized
recurrent Finsler space of the second order (of first and
second kinds) also we have defined special R-generalized
recurrent Finsler spaces of the second order (of first and
second kinds). During the course of these studies we have
derived the some conditions under which R-generalized
recurrent Finsler spaces and special R-generalized
recurrent Finsler space of the second order of first and
second kinds. In this paper we have also established the
characterizing properties of generalized R- recurrent
Finsler space and special R-generalized recurrent Finsler
space of the second order and also we have established
the conditions which Ricci tensor R, satisfies in such first
and second kinds of recurrent spaces.
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%TRODUCT]ON

atsumoto [1], Walker [11], Adati and Miyazawa [5] have studied the properties of

recurrent Riemannian space by assuming different types of curvature tensors in V,. Mishra and
Pande [2], Sen, R.N.[9] have studied the recurrent Finsler spaces, Chaki and Roy Chandham
[3] have introduced the Ricci-recurrent spaces of the second order in Riemannian geometry.
Sinha and Singh [7] have discussed the recurrent Finsler spaces of the second order and have
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studied the properties of the recurrence vector and tensor fields, they have also discussed the
recurrence properties of the Berwald’s curvature tensor field H}lk » equipped with symmetric
connection coefficients ]-"k in an n-dimensional Finsler space. Roy [8] has defined genralised
2- recurrent Remannian space. An attempt to extend the theory of genralised 2-recurrent
curvature tensor to Finsler geometry has been made by Pande and Khan [4]. Mishra [6] has
given a comparative study of various type of recurrent Finsler space by using Barwald’s and
Cartan’s curvature tensors.

gURVATURE TENSORS ARISING FROM BERWALD CONNECTION AND
CARTAN CONNECTION:
he geodesic deviation has been given in the following form: (Rund [13] )
5277

Su?

+H] (x,%) Z* =0, (2.1)

where Z¥ is called the “variation vector” and the tensor H,’; (x,x) is said to be the deviation
tensor defined by

H] (x,%) = K}, %'%" . -(2.2)
It can be also written in the form
Hj =20,G" — 8,GLx" + 2GL,GS — 0,G'9,G* , ..(2.3)
where, we have using of the fact that the function G*®(x,x) is positively homogeneous of
degree two in x'’s. The tensor defined by
(@ Hiy (%) =—3 (@ Hi — 0 H)) -(24)
and (b) Hji (x,%) = & Hiy = =3, (3 HE — sHY)
are given in terms of G!(x, x) by the following equations:
Hj, (x,%) = 0,0,G' — 8;0,G" +G},0,G" — G; 0, G", ..(2.5)

j0kGt, ..(2.6)

and Hiiljk (x,%) = akGﬁj - ajGiiLk + G, Gl — Gﬁthij + Gtihkaj G' = Gy
respectively, where
@ Giy (%) & 0,Gh ..(2.7)
(b) Gjyx"=0.
The Curvature tensor H; ;, and Ky, are related by
Hijpe = Kijie +37 04Kl .. (2.8)

Hijgs Xt = Kijis X! -(2.9)
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and Hpy %" = K i = Hj
The Berwald curvature tensor satisfies the following identities:
Hijte * Hjin + Hiny =0,
{Hsik ey * Hstigoy + Heke iy 1 %° =0,
Hiewy * Hiioy * Hiey = 0
+H G + Hig Gy = 0.

mji

Hi oy * Higt ooy + Hige oy + Hi G,

J mjt

The following contractions shall be used in the following form:
@ H; =H}}

(b) Hy =H}), =0:H; ,

(¢) Hjp — Hy,j
ORHELE
(e) H =0,

:Hshj'

() aiHji %/ = —Hj,

(@ Hi=(n-1H.
The commutation formulae involving the tensor ]kt and jikt are given by
@  Twyw — Taom = (—0;T) Hiy,

O Tww — Twow = =0T Hi + T Hype — T H

and (@) (9T — % (Tey) =0,
(b) (ak )(h) - ak( (h)) T‘r G}’}(h ] G,L:kh.

.(2.10)
.(2.11)
.(2.12)
..(2.13)

.(2.14)

..(2.15)

..(2.16)

.(2.17)

The Ricci identities for a tensor Y}i involving h- and v- covariant derivative with respect

to the Cartan connection are given by [11]

i i — mm pi
T = Tien = T Rinnke — T Rk = Tim R

Tinie = T = T Prnie — T Pk = i Cilke — T Phk
Tine = T = T Smonke — T Sihx
. ary, ar; . .
where Rhjem = O(hm)» {6x"]1€ - Whrk Gl + LyLi + CgTR,Zm}

. o aGL  aG
Rk = RiymX™ = O(um) {axh axr}rli G;T("},

..(2.18)
.(2.19)
.(2.20)

.(2.21)

(2.22)

The tensors defined by (2.21), (2.22) and (2.23) are called Cartan’s curvature tensors.

Also, it is known as h- curvature tensor, hv- curvature tensor and v- curvature tensor.
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E-GENERALIZED AND SPECIAL R-GENERALIZED RECURRENT FINSLER

SPACES OF THE SECOND ORDER :

un a Finsler space the Cartan’s third curvature tensor Rj"k »(x, x) satisfies the recurrence

properties with respect to the requisite connection Verma [12]. Therefore, the characterized
property is given by

Richjm = bm Rien -(3.1)
where p,, (x) is known as non-zero recurrence vector field. A R-recurrent space of order two

is a Finsler space in which the curvature tensor under assumption (with respect to the Cartan’s
connection I},ji) satisfies

Richimp = @im Rin ..(3.2)

where a;,,, (x, x) is associated tensor of recurrence and it is covariant of order two.

We now take into consideration a Finsler space in which the curvature under assumption
satisfies

Rjikh|m|l =l Rjikh|m+ QA R]§kh .. (3.3)

and Richmit = Hm Ricnji+ @im Ricn - -~(34)

Here, we shall call the space satisfying (3.3) and (3.4) as generalized R- recurrent Finsler
space of the second order of first and second kinds respectively. In this continuation it has also
been observed that if the curvature tensor under assumption satisfies

Rjikhlmll =W Rjikh|m ...(3.5)

and Richimit = tm Rieny -(3.6)

then we call such a space as special R- generalized recurrent Finsler space of the second order
of first and second kinds respectively. If we further suppose that the recurrence vector
appearing in (3.3) and (3.4) is zero then the space reduces into a R- recurrent Finsler space of
the second order. We now transvect the equations (3.3) to (3.6) by covariant fundamental
tensor g;, and thereafter, we get

Rpjicnimt = M1 Ryjic hjm ™ @im Ryjicn - (3.7)
Ryjinimpt = Bm Rpjicnit @im Ryjicn -.(3.8)
Rpjkh|m|l =W Rpjk hlm ..(3.9)
and Ry him)t = Bm Rpjicnyt ..(3.10)

whereas, if we transvect the equations (3.7) to (3.10) by contravariant fundamental tensor g
immediately we get back the set of equations (3.3) to (3.6). Therefore we can state:
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Theorem (3.1):

The characterizing properties of R-generalized and special R-generalized recurrent
Finsler space of the second order of the two kinds are respectively given by the equation
(3.7) to (3.10).

Theorem (3.2):

The equations given by (3.3) to (3.6) and (3.7) to (3.10) are respectively found to be
equivalent in R- generalized and special R- generalized recurrent Finsler spaces of the
second order of the first and second kinds.

Now allowing a contraction in the set of equations (3.3) to (3.6) with respect to the
indices i and h, we get

Rikimyt =t Rijgepm* @i R .. (3.11)
Rikimyt = Bm Rt @im Rjge ..(3.12)
Riimyt = 1 Rigepm ..(3.13)
and Rikimit = Bm Rigcyi ..(3.14)

respectively. After these observations, therefore we can state:

Theorem (3.3):

The set of equations given by (3.11) to (3.14) are always satisfied by the Ricci tensor
Rj, ina R- generalized and special R- generalized recurrent Finsler spaces of the second
of the first and second kinds.

Now, here it can easily we observed that if the Ricci tensor satisfies (3.11) or (3.12) then
it is not necessary that such a Ricci tensor be generalized R- recurrent of the second order of
the two kinds. Also will arise the Ricci tensor satisfies (3.13) or (3.14), in such a case it is not
necessary that Ricci tensor will be special generalized R- recurrent of the second order of the
two kinds.

Matsumoto [1] introduced a tensor Ry, in the form

Rijkn = Gik Lin + gjn Lux (= 1/h) -.(3.15)
1
where (@) Ly = D (Rix —%gij) , ...(3.16)
1 .
(b) v= - i

And called the characterizing space as a R3- like Finsler space. Let us now consider an
R3- like generalized Ricci and special generalized Ricci recurrent of the second order of the
two kinds then after applying the process as have been applied previously, we can get,

Rijinimit = i Rijknim™ @im Rijicn - (3.17)

Rijknim)t = Hm Rijieni™ @im Rijien ... (3.18)
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Rijkhimy = M1 Rijicnjm ..(3.19)
and Rijkhimyt = Hm Rijinpn - ...(3.20)

After these observations, therefore we can state:

Theorem (3.4):

In a Finsler space F,, , R- generalized and special R- generalized recurrent spaces of
the second order of the two kinds are Ricci generalized and special Ricci generalized of
the first and second kinds but not necessarily the converse.

Transvection of the equation (3.3) to (3.6) by %/ gives

Hinpmy = W Hippm * €im Hiy .. (3.21)
Hinmy = B Hinp + @ Hi ..(3.22)
Hlich|m|l = Hlih|m ..(3.23)
and Hipmit = tm Hinpr - ..(3.24)

Again tranvection of the equations (3.21) to (3.24) by x* gives

Hp oyt = My Hiypn + @y Hj, ...(3.25)

Hpympt = M Hiyy + @y Hi, ...(3.26)

Hp oyt = 1 Hyp ..(3.27)

and Hp oyt = i Hiypp - ..(3.28)

Now allowing a contraction in (3.21), (3.22), (3.23) and (3.24) with respect to the
indices i and h, we have

Hpp=w Hpm tam H ...(3.29)
Hypy = i Hy + oy H ...(3.30)
Hypp = W Hyp, ..(3.31)
and Hyppo = b Hy; ..(3.32)

After these observations, therefore we can state:

Theorem (3.5):

In Finsler space F,, , R- generalized and special R- generalized recurrent Finsler
space of the second order of the first and second kinds the tensors HY, , H} , the vector

H,, and the scalar H are also R- generalized and special R- generalized recurrent of the
second order of the two kinds.
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(oncLusion

his paper has been divided into three sections of which the first section is introductory.

In the second section we have studied curvature tensors arising from Berwald connection and
Cartan connection. In the third section we have taken into account Cartan’s third curvature
tensor jik » and have defined R- generalized recurrent Finsler space of the second order (of
first and second kinds) also we have defined special R-generalized recurrent Finsler spaces of
the second order (of first and second kinds). During the course of these studies we have
derived the some conditions under which R-generalized recurrent Finsler spaces and special R-
generalized recurrent Finsler space of the second order of first and second kinds. In this
continuation we have established results in the form of theorems. The characterizing
properties of generalized R- recurrent Finsler space and special R-generalized recurrent Finsler
space of the second order and also we have established the conditions which Ricci tensor R;;
satisfies in such first and second kinds of recurrent spaces.
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