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ABSTRACT

This paper presents a New Analytical Technique (NAT) for solving nonlinear
Fractional Partial Differential Equations (FPDESs) and nonlinear systems of FPDEs.
Moreover, the convergence theorem and error analysis of the proposed technique
are shown. Analytical and numerical solutions for several examples of nonlinear
FPDEs and nonlinear systems of FPDEs are obtained in forms of tables and
graphs
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HISTORY OF FPDES

The conformable FPDEs are simply PDEs in sense of conformable fractional partial
derivatives. Many proposed definitions from a different point of view of applications have been
introduced in the literature. Since scientists began to see deficiencies in most of the
fractional derivative definitions and why some real-life problems could not be captured and
some properties of fractional derivatives are not satisfied (for example, Riemann-Liouville
derivative does not satisfy D %, (1) = 0 (D % (1) = 0 for the Caputo derivative), if a is not a
natural number, all fractional derivatives do not satisfy the known formula of the deriva-
tive of the product of two functions: Do a (fg) = fDa a (g) + gDa a (f), all fractional
derivatives do not satisfy the known formula of the derivative of the quotient of two
functions

Dg(f/g) = LPASRE - all fractional derivatives do not satisfy the chain rule:

Di(fog) = f*(e)g" () ail fractional derivatives do not satisfy
D*DB f = D**B f in general and the Caputo definition assumes that the function f is
differentiable). Consequently, a rather simple and intriguing definition called “the conformable
fractional derivative” was proposed by Khalil et al. in 2014 (see, 1]) which is depending just on
the basic limit definition of the derivative. Namely, for a function f : (0,0) — R, the
(conformable) fractional derivative of order O < a < 1 off att > 0 is
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and the fractional derivative at t = 0 is defined as ('rq, f)(0) = lime—0+('ra f)(t).

Through this a new definition, many most recent works have been done, see for example,
recently, Ylcel Cenesiz et al. (see, [2]) studied the nonlinear partial differential equations with
conformable derivative using the first integral method, K. Hosseini et al. (see, [3]) applied
the modified Kudryashov method for solving the conformable time fractional Klein—Gordon
equations, Hadi Rezazadeh et al. (see, [4]) obtained traveling wave solution of
conformable fractional generalized reaction duffing model by generalized projective
Riccati equation method, Farid Samsami Khodadad et al. (see, [5]) proposed the Riccati
sub equation method to obtain the soliton solution of the conformable fractional
Zakharov—Kuznetsov equation.

Since the solutions to a large class of FPDEs are rarely available, approximate and
numerical methods are applicable. Therefore, accurate methods for finding the solutions of
FPDEs are yet under investigation. Some analytical and numerical methods for solving
FPDEs exist in the literature for example, the modified extended tanh-function method
(see, [6]) where the method employed to solve fractional partial differential equations by
turning them into nonlinear ordinary differential equations of integer orders, the HPM (see,
[7]) where the authors applied this method for solving nonlinear partial differential equa-
tions with fractional time derivative, homotopy perturbation technique (see, [8]) where
the idea of this technique was to utilize both the initial and boundary conditions in the
recursive relation for obtaining approximate solution, variational iteration method and de-
composition method (see, [9]) where these two methods applied to obtain the approximate
solution of nonlinear fractional order partial differential equations and so on.

fl+e=) —f@)

E

Taf = lim (1.1.7)

e—0
Recently, T. Bakkyaraj and R. Sahadevan (see,10 ) applied homotopy analysis method to
obtain the approximate analytical solution of two coupled time fractional nonlinear Schrédinger
equations. Zigen Ouyang (see,11 ) obtained some conditions for the existence of the solution
of a class of nonlinear fractional order partial differential equations with delay. Rihuan et
al. (see,12 ) proposed the fast direct method for solving the linear block lower triangular
Toeplitz-like with tridiagonal blocks system which arises from the time fractional partial
differential equation.

Fractional Partial Integrals and Derivatives

There are various definitions and theorems of fractional integrals and derivatives. In this paper,
we give some definitions and theorems of the fractional calculus theory.

Consider a locally integrable? real-valued functionu : G x R — R whose domain of definition
G c R is an region with —wo <a <t < b <. Then

aditt(x,1) =f£ u(x.t)dr. (1.2.1)

i

By integrating (1.2.1) (n — 1)-times, we get the following fundamental formula
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U Tn-1
oTu(x, 1) = f f f (%, 1) dindin_1 - - diadt
[ il i
T
_ ﬁf (t— )" tu(x,7)dT, (1.2.2)
n—1)Ja

U Tn-1
oTu(x, 1) = f f f (%, 1) dindin_1 - - diadt
[ il i
T
_ ﬁf (t— )" tu(x,7)dT, (1.2.2)
n—1)Ja

where @ <t < fand n € N. By replacing n in (1.2.2) with noninteger positive q, we reach

1A functionu : G x R — R is called locally integrable if it is integrable on all compact
subsets K ¢ G to the following Riemann—Liouville definition for fractional integral.

I am
RLTyq _ _ ym—g—1 e
D u(x,1) Tm—q) EH'”L (t—1) u(x,t)dt, t >0, (1.2.4)

Definition 1.2.1. Let gt € R, m _ 1 < g <m € N, then the Riemann—Liouville time fractional
partial integral of order gfor a function u(x,t) is defined by

Tlu(x,1) = ﬁl}r(r — 1) u(x,7)dt, 1 > 0,

1u(x,t) =u(x,1), qg=0,1>0,

(1.2.3)

where [ is the well-known Gamma function.

Definition 1.2.2. Let q,t € R, m _ 1 < g <m € N, then the Riemann-Liouville time fractional
partial derivative of order g for a function u(x,t) is defined by

where [ is the well-known gamma function.

Definition 1.2.3. Let qt € Rand m _ 1 < g <m € N, then the Caputo time fractional partial
derivative of order q for a function u(x,t) is defined by

1 ! d"u(x, 1)
Diu(x,r) = —/ —r)yma i 1> 0,
u(x,1) L(m—gq)Jo (=1 FETRE (12.5)
g 0" u(x,r) o
D; HI[X,I) = T,q =m € N.

Definition 1.24. Fort = a+mh,h =~ 0,t >aand m _ 1 <g<m E N. The Grunwald-
Letnikov fractional partial derivative for a function u(x,t) is defined by
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i

GLDIy(x,t) = limh™4 —l)”( ) i(x,t — jh). (1.2.6)
h—0

}I

Theorem 1.2.1. Letq,t € R, m—1 <g<mé€Nandt>0. Then

K o*u(x,0%)

I D u(x,1) = u(x,t) — 0 ok (12.7)

k=0
DT u(x,1) = u(x,t).

Theorem 1.2.2. Letqt€é R, m—1<g<m€ Nandt>0. Then

I |
(p+1) 7 m<p, peR,
[(p—g+1) (1.2.8)

DitP =0, p<m—1.

[ a7 -

Theorem 1.2.3. Letql,g2 € R,suchthatn—1<qgl <n,m—-1<qg2 <m,n=~ mforn,m
€ N. Then, in general

DIDPy(x,1) # DPDI u(x,1) # DI Pu(x,1),
(1.2.9)
DIDMu(x,1) # DD u(x,t).

Theorem 1.2.4. Assume that a function u(x,t) is infinitely a-differentiable function, for
some 0 <a < 1 ataneighborhood of a point (x,t0),t0 > 0. Then u(x,t) has the fractional power
series expansion:

{D* xﬂ] (t — 1), (1.2.10)
(x.dq)

where D&* denotes the application of time fractional partial derivative for k-t

Definition 1.2.5. Let a function u(x,t) be infinitely a-differentiable function. Then, the time
FPDTfor u(x,t) is defined by

_ 1 |
Uo(x.k) = —— | DR x. . 0. 1.2.11
Ug (x,k) F(kﬂc+1][ ; M(A.r]]u_m.rn} _ ( )

For some a€ (0,1)
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Definition 1.2.6. Let a function u(x,t) be infinitely B-differentiable function. Then, the space
FPDTfor u(x,t) is defined by

for some B E (0,1] whereD", denotes the application of space fractional partial derivative

for h-times.

Theorem 1.2.5. Assume that a function u(x,t) is an infinitely a,B-differentiable function,
for some a, E R,a,p > 0. Then u(x,t) has the following fractional power series expansion:

- ) |
Up(x,k) = ThB+1)

where Dkax and Dhpt denote the applications of space and time fractional partial
derivatives respectively for k and h-times.

[D_‘:ﬁu(x,:j] x>0, (1.2.12)

(xg.1)

o o [DiDPuen)
Y — Xodo) o ykCtg, o BB
u(x,1) ZZ] Fra O 1) 20/ =0 x00>0,  (1213)

k=0 h=(

Definition 1.2.7. Let a function u(x,t) be an infinitely a,B-differentiable function. Then, the
generalized FPDT for u(x,t) is defined by

[t_n_f;ﬂi);’*ﬁu{x.r}}

(X0f0) ot >0, (1.2.14)

Uap(k;h) = C(ka+ O)C(hB+1)

for some a, E R,a,p > 0.

2. New Analytical Technique for Solving Nonlinear Fractional Partial
Differential Equations
In this section, we present a NAT to solve nonlinear FPDEs with initial values of the following

Diu(x,t) = f(x.1) +Liu(x,t)) + N(u(z,2)), m—1 <g<meHN,
d"u(x,0)

form dt"

where L(u( x,t)) and N(u( x,t)) are linear and nonlinear operators, respectively, of
u( x,t) and its partial derivatives which might include other fractional partial
derivatives, and f( x,t), fr( x) are known analytic functions, Dqg t is the Caputo time
fractional partial derivative of order g, and x = (x1,x2,...,xn) E R".

The NAT has a computational power in obtaining piecewise analytical solutions for
nonlinear FPDEs . To introduce the ANT, first we need to present the following results.

(2.2.1)

= fr(x), r=0,1,2,....m—1,

Theorem 2.2.1. Let uiE. ) = X7 g up(F.1), we define uy (F.1) = L A%u, (%.0) where L €
WhereM€[0,1]isarameter.
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o

Lw(xD) = L2 Auk(x0) = 2 AKL(uk(Tx.1)). 222)

k=0k=0

Then, the linear operator L(uA (* x,t)) satisfies the following property: [0,1] is a parameter.

Theorem 2.2.2.

Let (&) =X qui(¥.1), we define uy (%.t) = 5o A uy(%,t) where L € U

[0; 1] is a parameter. Then, the nonlinear operator N(ul (X ;t)) satisfies the following
property

1 a"
N(uy (%,1)) Zl u(%,1)) = Z [n’&i" [N[El g (X,1))]5 _o| A" (2.2.3)

n=0
Proof. By using Maclaurin expansion for N(Y5_, A*u, (%.1)) with respect to A, we have

Nuy (£.1)) = N[Eﬂﬁa[’- a0+ [&.A[Nizlﬁﬂﬂf t))]a=old

k=0 k=0
L 9" (Y A% A2
[jra-}L [ {5):1] g (%,0)) | a—o] A"+
= i [i'i*” N ( f Afug(£.1))] o] A"
i MLAAT
L I 3” R
_E l&_jl_u[ [E;L !-‘;‘{t”—l- E ':1' ”*{t F] ].-"l [J]
n=0 " k=0 k=n+1

&l 9 .
= E '3}L”[N[E}L ug_{r”+;'l.’+ i1 (%0) + AT !.-”_|.3[.1_'.1']+---}_;L=[, A"
n=0 - k=0
L I 'L,.}H ]
_ng[l I l&}bﬂ[ [g];ll" "“-': ” ].1 1]]
Since <2 ?;l.“ ;"'-'[.:'I."H']i.-,,_l_][t 1)+ A", S (Ra) + j]1_“—ﬂ. o
Definition 2.2.1. The polynomial En(uo(x ;t); u1(x ;t); :::; un(x ;t)) can be defined by
1 aJ‘! ] r
EnluglX, 1) g (£.0), ... .uy(X,0)) = 3 [N[ E A uk{.i'.!}:l] . (2.2.4)
i k=0 A=0 _
Remark 2.1. Let En = En(uo(X ;t); u1(x ;t); :::; un(x ;t)) be as in Definition 2.2.1. Then,

by using Theorem 2.2.2, the nonlinear operator N(uA( x,t)) can be expressed in terms of En as:
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L 2]

Niuz(x,0)) = Y A"E,. (2.2.5)
n=i

The following theorem introduces an analytical solution obtain by a NAT for the nonlinear
fractional partial differential equation given by (2.2.1).

Theorem 2.2.3 (Existence Theorem). Letm — 1< g<m € N and f( x,t), fk(' x) be known
analytic functions. Then, the equation (2.2.1) admits a solution given by

J?I].l

u(x,r) —_,I"r -:r 1)+ E —f,.['l:l+ Z [.L {n“;_],::I+EIIA__"']IIIII::H[;|.H| ..... 1],

r=01
(2.2.6)
where jf _q:'{.l.".I::'.L -:n,i 1) and Euﬂ. ||:["'” [TT. wy—y ) denote the time fractional par-
tial integral of order g for fix.t), Liug_y) and Eq_(ug,uy, ..., 1) respectively.

Proof. We assume that a solution function u(" x,t) of equation (2.2.1) has the following

analytic expansion:

[oe]

u(xt) =2 u( ). 227)
k=0
To solve the nonlinear fractional partial differential equation (2.2.1), we consider

Diu; (%,1) = A[f(x,1) + Ly (%,0)) + N(uy (%,1))], L €]0,1], (2.2.8)

with the initial condition given by

w_gr{x} r=0,1.2,..., m— 1. (2.2.9)

By taking Riemann-Liouville time fractional partial integral of order g to both sides of the
solution given by

w (%,0) =Y Afup(%,1). (2.2.10)
k=10

Next, we assume that the nonlinear fractional partial differential equation (2.2.8) has a
initial value problem (2.2.8) and by using Theorem 1.2.1,

we obtain
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Wxh= AUA(,0) + A [f ) +L(UN) +N(UN)]. (2.2.11)

By using the initial condition given by (2.2.1), the equation (2.2.11) can be rewritten
as:

wy (%.1) = E Ig, 6+ ALY (%0) + T L(uy (£.0)] + TN (up (£,0))]]. (2.2.12)

Further, by substituting (2.2.10) into (2.2.12), we obtain

mlr

Zlkuk{x 1) Z g, —I—l[f,[_‘ﬂ{_f,r}
k=0

+97[L( ): AR (%)) + 7N ( )f Afu(%,0))]). (2.2.13)
k=0 k=0

By using Theorem 2.2.1 and Theorem 2.2.2, the equation (2.2.13) becomes

m—1 .
E Aru(%,1) g} 1gr{x}+ﬂ.ﬂl 9 +TJIA le‘[f_{u;(r 1))l
q 1 9" n
ALY [—131"[,“#{):1 e (%.1))]3-0| A" (22.14)
n=0

Next, we use Definition 2.2.1 and Remark 2.1 in the equation (2.2.14), we obtain

oa m—1 .y
Y Alu(x0) = ):, gr{x}+1ff‘ &)
k=0 =0 "
+I7A Z (A L(ug(%.1))]+ 72 ): E,A". (2.2.15)

n={

By equating the terms in the equation (2.2.15) with identical powers of A, we obtain

m—1 ,r

up(%,1) = Z —gr{x ). uy(%,1) = fi q}{x I]I—I—Li “'“'un.{r a'fl—I—E{lLr qu
Ly (2.2.16)

- ) g
uk{x,r): ; "ulk ”Ifxr}—I—Elk ‘lljjr k=23, ....

Next, by substituting (2.2.16) in the equation (2.2.10), we obtain the solution of the
equation (2.2.8). Now, from the equations (2.2.7) and (2.2.10), we obtain
u(x,1) = Jlirn u; (%,1) = up(x.1) +uy (%,1) + Z u(%.1). (2.2.17)
.—."] k_z

From (2.2.17) and by using the initial conditions, we see that
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d*u(x.0) *uz (£.0)
— = lim ——— 2.2.18
drk il ok )
Which implies that g(x ) =f (X ). By using (2.2.16) into (2.2.17), we complete the proof

In the following theorems, we establish the convergence and maximum absolute error

results of the analytical solution given by (2.2.6) for the nonlinear fractional partial differential
equation given by (2.2.1).

Theorem 2.2.4 (Convergence Theorem). Let B be a Banach space. Then, the series solution
of the equation (2.2.16) converges to S € B if there exists y, 0 < y < 1such that, ~unM<
yMu(n—1)M for vn € N.

Proof. We define the sequence Sn of the following partial sums:

{S[} = H{]{f,."}. S5 = Hﬂl{f.?} -I-Hl{.f.i'::l.

Sy = ug(%,1) +uy (X,0) +uz(X.1),
4 (2.2.19)

[ Sn = uo(X,1) + w1 (%,1) +u2(X,t) + - +un(X.1).

We need to show that {sn3} is a Cauchy sequence in a Banach space B. For this purpose,
we consider
”Sn—] _Su” = ”“u+l(-f-f]”£ ?”“iz(f-r}”i‘ TZHMi:—l{f-I}”E "'}'”_I”“(![:-f-r]”- (2.2.200

Forevery n,n' € N, n > n’', by using the equation (2.2.20) and triangle inequality succes-
sively, we have

”Sﬂ - SH’H = Hsu'—] — 8w +Sws2—Sws1 8 — S H
< ||S.u’—] _S:'u'||+”3u’+2 - Su’+l ||‘|' et ”Su _Sn—l”
<Y uo (%) |+ o (7,8 [+ + ¥ o5, 1)

=Py 7Y 0% )|

1— —n'

<7 (L ol ),

22.21)
-7

L—
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Since0< y <1,s01—-¥"-n'< 1 Then

'+1
I, — Sull< 2= (5.0 (2222)

Since u0( x,t) is bounded, then

lim ||Sy —Sy||=0. (2.2.23)

' —ea

Therefore, the sequence {Sn} isa Cauchy sequence in a Banach space B and the series solution
defined in the equation (2.2.17) converges. This completes the proof

Theorem 2.2.5 (Error Analysis). The maximum absolute truncation error for the series of
solution (2.2.7) for nonlinear FPDEs (2.2.1) is estimated to be

n ' +1

sup |u(¥.r)— Eu x| < T sup |ug(%.1)], (2.2.24)
(T.r)efd E=( T (tn)eEn
where the region 2 € R n+1
Proof. From Theorem 2.2.4, we have
' +1
|18, — Syl < sup |ug(%,1)]. (2.2.25)

(X))

But we assume that Sn = Y'n k=0 u( x,t) and since n — oo, we obtain Sy, — u( x,t),
then the equation (2.2.25) can be rewritten as:

' +1
(%, 1) — Spe|| = ||l %, 1) Z u(x.r) sup |ug(x.1)]. (2.2.26)
1 — Y (zr)en
Therefore, the maximum absolute error is
}.ﬂ'—l
sup |u(¥,1)— Zu x| < ] sup |up(x,1)|. (2.2.27)

(T.r)e2 k=1 T rneEn

And this completes the proof
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