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ABSTRACT
Studies on complex networks with engineering systems have significant challenges

for researchers. In this article, we demonstrate diverse intricate dynamical patterns in
a one dimensional network of diffusivity coupled time-delayed digital phase-locked
loops. Systems that utilize time-delayed feedback control are crucial in numerous
engineering applications. In modern complex networks, time delayed systems increase
the stability of the systems. Recently, many complex nonlinear networks are studied in
different litterateurs, such as, complex computer networks, electrical grid systems,
FPGA systems and many model neuronal networks. The dynamics of such networks
exhibit extremely complex nonlinear phenomena. Therefore, it is very challenging to
work with these in reality. To demonstrate such complex network we consider an one
dimensional network of locally coupled time-delay feedback controlled digital-phase
locked loop (TDFC-DPLL). TDFC-DPLL is more advanced version of DPLL compared

to conventional DPLL. It has wider lock range, small steady state phase error and very
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less convergence time compared to ordinary single-sampler based positive zero-
crossing DPLL (ZC1-DPLL). In a network of one dimensional array it shows several
spatiotemporal patterns. Some of the important distinct patterns are synchronized fixed
point (SFP), frozen random pattern (FRP), pattern selection (PS), travelling random
pattern (TRP), spatiotemporal intermittency (STI), spatiotemporal chaos and chimera
state. All those dynamical patterns are drawn on a phase diagram to grab the total
dynamics. We derived the stability condition of the network for stable phase-locked
operation. A comprehensive analysis of travelling random pattern is presented. This
investigation explores the emergence of chimera states (in local coupled system) that
occur predominantly in areas with very low coupling strength and higher nonlinearty
parameter values. Additionally, the pathway of dynamic phase transition via the
chimera state is demonstrated.

Keywords: Complex networks, conversational digital phase-locked loop (DPLL), time-
delay feedback controlled digital phase-locked loop (TDFC-DPLL), stability analysis,

chimera state, travelling random pattern
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1. Introduction
In engineering systems, the most complex network arise in internet, power grid systems,

communication technology, IC technology, and FPGA systems. In the biological systems,
complex networks appears in the human brain and the nervous system of animals. But, such
network co-ordinates all the actions and transmit signals throughout the body. As neurons are
nonlinear systems, therefore it is impossible to construct such a huge model network in
laboratory for experimental realization of the network dynamics with the help of actual neurons.
On the other hand, we use huge network in internet and complex computer systems. Therefore,
it is very useful and easy to construct model complex networks with the help of electronic or
engineering nonlinear systems. So, here we employ digital phase-locked loops (DPLLS) to

construct a complex network model.

DPLLs have immense applications in electronic-communication systems and in control

systems. In such systems phase locking and frequency matching are of most important criteria.
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To achieve these, wide variety of phase-locked loops (PLLs) have invented. For example,
uniform sampling DPLL [1], positive zero-crossing DPLL (ZC1-DPLL) [2-5], dual-sampler
based zero-crossing DPLL (ZC2-DPLL) [6], time-delayed digital tan-lock loop (TDTL) [7],
bang bang DPLL [8] just to name a few. All these are nonlinear feedback controlled systems
that show bifurcation and chaos. Among these ZC1-DPLL is widely used in most of the
engineering systems due to its circuit simplicity and reliability. Recently, the dynamics of ZC1-
DPLL is improvement by the application of time-delayed feedback control (TDFC) technique
[9]. TDFC algorithm can improve some basic and important requisites of DPLLs; namely, wider
lock range, less steady state phase error and higher speed of convergence towards phase
synchronization. This improved version of ZC1-DPLL is called time-delayed feedback
controlled digital phase-locked Loop (TDFC-DPLL). So it is desirable in all applications to
replace the conventional ZC1-DPLLs by their improved version (TDFC-DPLL). Above merits
of TDFC-DPLL is attractive to engineers to make their system much faster in response and

reliable in all applications.

The applications of DPLLs, now a day, are not restricted to isolated systems like motor
speed control, coherent phase detection, frequency modulation, frequency synthesis, etc.
Instead they are widely used in networks, e.g., in synchronous communication, networking,
FPGA systems etc. So it is important to study the collective dynamics of DPLLs. Previously
the collective dynamics of ZC1-DPLL is studied under local [10] and non-local coupling [11].
But the collective dynamics of TDFC-DPLLSs is yet unexplored. In this view, one dimensional
network of TDFC-DPLLs is constructed with local coupling and periodic boundary conditions.
This paper explores the detail dynamical behavior of such physically realizable engineering

network.

Firstly, the system equation of the network is formulated and the local stability analysis
is carried out on the basis of fixed point theorem. Several distinct spatiotemporal patterns are
identified by the numerical simulation; e.g., synchronized fixed point (SFP), frozen random
pattern (FRP), travelling random pattern (TRP), pattern selection (PS), chimera state (CS),
spatiotemporal intermittency (STI) and spatiotemporal chaos (STC). A phase diagram is
mapped with several colors corresponding to different dynamical patterns. Some representative
diagrams of spatiotemporal patterns are depicted to explore the network dynamics. It is
identified that, the phase slip direction of TRP changes randomly with system parameters. Phase
velocities of TRP are calculated for different parameter values and investigated its dependence
on the non-linearity parameter and the coupling strength.
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The interesting observation is that, this network with local coupling exhibits chimera state
in a small parametric region of the phase diagram. Chimera state is characterized by the
coexistence of spatial synchronous and de-synchronous oscillation in a network of identical
oscillators [12,13]. Chimera states are very common with nonlocal coupling; though they are
also reported in several systems with local [14,15] and global coupling [16,17]. Such states in
neuro-biological systems can correlate several phenomena like: uni-hemispheric slow-wave
sleep for some aquatic mammals and migratory birds [18,19]; human brain disorders, like,
epilepsy and Alzheimer’s disease [20]. Chimera states are observed in variety of non-biological
laboratory systems, like, chemical oscillators [21,22], mechanical oscillators [23,24], optical
systems [25,26], electronic oscillators [27,28] etc. Exploration of chimera state in real
engineering networks are also interesting. Though such states are not desirable for faithful
operation of the networks. Yet, it is required to identify the regions where the chimera states
appear in the parameter space. This helps one to discard those parameter values for reliable
network operation. In the network of TDFC-DPLLs dynamical phase transition through
chimera state is depicted. Also, synchronous and de-synchronous regions in the network are

discriminated by measuring the local curvature.

The organization of the paper is as follows: firstly, the system description along with the
stability analysis of an isolated TDFC-DPLL is presented. Then mathematical formulation of
system equation for the network is derived and found local stability criteria for stable phase-
locked operation of the network. Numerical results along with the phase diagram are explained.
Detail dynamics of TRP is reviled with some measures. In the next, chimera state is explored.
Finally, summary of the results are concluded.

2. An isolated TDFC-DPLL.: system description:
2.1. Mathematical model of an isolated TDFC-DPLL

s(t) Xy
— S/H
L Unit f
Dela -
! Xi-1
Cy
DCO |=

Fig.1 Functional loop diagram of an isolated TDFC-DPLL.
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Fig.1 shows the functional loop diagram of a TDFC-DPLL. It comprises of a sample and hold
block (S/H), one unit-delay block, a difference amplifier, a digital filter (DF) and a digital
controlled oscillator (DCO). Incoming signal S(t) is sampled at its positive zero crossing edges
by the S/H block that produces a sequences of sampled signals {x;} corresponding to the time
instants t;, . Here, k € {0,1,2, --- } represent successive temporal sequence of samplings. The t;
is determined by the DCO controlled by the signal c. This cj, is obtained by digital filtering z;
which is the sum of x; and y,, = b(x; — x,_1). Therefore, z;, = x; + b(x; — x,_1). Here, b
is the gain parameter of the difference amplifier that controls the strength of time-delayed
feedback in the loop. In this way, phase locking can be achieved by self-feedback controlling

of the DCO frequency.

Consider a noise free sinusoidal incoming signal be S(t) = asin (w; + 8). Where a, w and 6
are respectively the amplitude, angular frequency and initial phase of S(t). If the free-running

angular frequency of the DCO be w,, then we can write S(t) as

S(t) = asinfwot + Y(t)} = asin{p(t)}. Q

Where, Y(t) = (w — wy)t + 0 is the phase angle of S(t) relative to the DCO. From Eq. (1) the

sampled signal x;, at t;, may be written as x;,, = S(t;,) = asin(¢,). Where,

b = P(tr) = woty + P(ty). 2

The control signal ¢y, is given by ¢, = Gyz,. Where, G, is the gain of the zeroth order DF. The
instantaneous time period T;, of the DCO at the k-th sampling instant is logically T, = t, —
tx—1. The algorithm for the next time period of the DCO is given by Ty, = Ty — ¢k [4,29].
Where, T, = 21 /w,. Now considering t, = 0, it is obvious to write the successive sampling

instants as,
ty = kTy — 1;2—01 Ci. (3

From Eq. (2) and (3), phase error at k-th sampling instant becomes,

Pr = wo(kTy — Th2g ¢;) + Y. (4)
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Where, ¥, = Y (t;). The first term wy kT, is an integral multiple of 2. So,

b = i — o T4 ¢ (5)
The phase error between two successive sampling instants (t;.., and t;) becomes,

Dr+1 — Pk = Vip1 — Y — Wo 6oz = A — SwoGoz. (6)

Where, & = w/w, is the normalized angular frequency of S(t) and A =2n(é —1) is a

constant. Therefore, the phase governing equation of the TDFC-DPLL becomes,

Prr1 = A+ Py — EKsin(dy) — bEK {sin(¢y) — sin(¢r-1)}. (7)

Where, K; = aw,G, is called the loop gain of the TDFC-DPLL. All information of S(t) is
embedded within ¢, which is bounded in [—m: +7]. The Eq. (7) represents the system equation
of an isolated TDFC-DPLL [9]. If we set the parameter b at zero, then the system turns into a
conventional ZC1-DPLL.

2.2 Stability of an isolated TDFC-DPLL
Stability of the system equation (7) may be found by the method of fixed point theorem.
Consider two new variables a; = ¢,_, and By = ¢, such that the Eq. (7) may be expressed

as,
Ars1 = B (89)
Br+1 = A+ B — §Kisin(By) — bEK, {sin(By) — sin(ay)}. (8b)

Therefore the steady state phase error ¢, given by the condition f,,1 = Bx = Ax41 = a; =

¢, becomes

¢ = sin™?t (i) 9)

3:¢1

The Jacobi matrix of the system equations (8) becomes
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0 1
/= (fxlbcosws) 1— &K, (1 + b)cos(qbs))' (10)

Therefore, the characteristics equation of (10) is given by
A+ A+], =0. (12)

Where, J; = =1+ K;&(1 + b)cos(¢s), J, = —K;&Ebcos(¢ps) and A is the eigenvalue of J.
Stability condition can be obtained using Jury's stability criteria as,

14J,+/,>0, (12a)
1—J,+/,>0, (12b)
2| < 1. (12¢)

From the above three inequalities, the conditions of stability become,

4
(1+2p)2"’

0 < K2¢2—-1%< (13a)

|b2(K2&2 — A?)| < 1. (13b)

Fig. 2(a) shows two parameter bifurcation diagram with &=1.1. Different colours show
different period of oscillations, which are written on the colour pallet. The black regions
correspond to higher periodic oscillation or chaos. It is obvious form the figure that, the
maximum value of K_1 corresponding to period one oscillation of the system can be obtained
by setting feedback control parameter b near the value -0.25. From Eq. (9), the maximum value
of K_1 leads to minimum value of steady state phase error. The minimum phase error leads to
better phase detection in the system and it is an important criterion for a phase locked loop. Fig
2(b) shows one parameter bifurcation diagram with the corresponding lyapunov spectrum of
the isolated system. Practically {=1.1 corresponds to a reasonably larger value of frequency

offset of the incoming signal S(t) with respect to the DCO.
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Fig. 2 (a) Shows two parameter bifurcation diagram of an isolated TDFC-DPLL in
(K; — b) parameter space with & = 1.1. (b) Shows one parameter bifurcation diagram (black
line) along with the maximum values of lyapunov exponents (blue line) for ¢ = 1.1 and b =

—0.25. The red line is the reference line corresponding to ¢, = 0 (or, 4,45 = 0).

3. One dimensional network of TDFC-DPLLs with local coupling:

3.1 Practical network modeling and formulation of system equation

We construct a one dimensional (1D) network of TDFC-DPLLs with local coupling and
periodic boundary condition. The network consists of N identical TDFC-DPLLs as shown in
the schematic [Fig. 3(a)]. Each blue solid circle (indexed with i € 1,2,3, -+, N) represent TDFC-
DPLLs and the nearest neighbour couplings are shown with solid lines. Periodic boundary
condition is realized by setting the condition N + i = i. Fig. 3(b) shows practical realization of
coupling scheme for the i-th TDFC-DPLL which is coupled with the neighbors indexed with
(i — 1) and (i + 1). This coupling is practically implemented by feeding z.~* and z** into the
loop by an adder A with adjustable normalized gain parameter (e/2). Where, € is the strength

of coupling. Therefore the signal Z& becomes,
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t=xk+b(xf —xi_y)+ g{(l +b) (7t 4+ %) — (T + X)) (14)

s(t) X'
—>»{ S/H
A L »
Unit o
Delay|. i
(b) X |
c\
DCO [«

Fig. 3 (a) Network architecture. (b) Functional loop diagram of i-th TDFC-DPLL in the

network under local coupling.

Now employing same logic [as in Sec. 2.1], we can arrive at a condition similar to Eq. (6) as

¢Ii<+1 - ¢1ic =A- EwoGOZ'Iic- (15)

Now using Eqg. (14) and Eq. (15), phase error equation is written as
Pirr = A+ i — EKysin(f) — EKib{sin(of) — sin(@-1)} — - K [(1 +

b){sin(pi ) + sin(pith)} — b{sin(pry) + sin(dLth)}]-
(16)

If we set the parameter b at zero, then the system reduces to an one dimensional network of

ZC1-DPLLs with local coupling; the dynamics which has studied earlier in Ref. [10].

3.2 Local stability analysis of the network
The linear stability of a system at the steady state can be derived by diagonalizing the Jacobi

matrix of the system. Steady state phase error ¢ of the network [Eq. (16)] is given by

Pss = sin‘l( 4 ) (17)

€K1(1+E)

The system Eq. (16) can be represented in terms of a (2N X 2N) Jacobi matrix as,

- )
]2N - AN BN '
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Where 0y, Iy are respectively the null matrix and identity matrix of order (N X N) each. Ay,

By are the circulant matrices of order (N x N) and has the following form:

Ay A, 0 0 - A4
Al Ad AT O O

AN = 0 Al Ad AT 0 y (19)
A?" 0 0 Al Ad

with Ag = §K,bcos(ss), 4 = A, = (5) EKybcos(gs,); and

B, BB 0 0 - B
Bl Bd BT' 0 0

BN = 0 Bl Bd BT' oo 0 ' (20)
BT' 0 0 e Bl Bd

With By = 1 — £K; (1 + b)cos(¢s) and B = B, = — (£) €Ky (1 + b)cos(gss). As Oy and Iy

are basically circulant in nature, therefore J, is a block circulant matrix. A circulant matrix can
be diagonalized by a Fourier matrix. The stability condition of Eq. (16) can be evaluated by

finding eigenvalues of the matrix J,5 and using the criteria: absolute of real parts of all the
eigenvalues should be less than one. ], can be diagonalized by the operation %(DZ‘,\}]ZNDZN)

[30]; where D, and D5, are block diagonalizing matrices for a block circulant matrix; they are

given by,
Fy O
oon = (o ) @1
and
_ Fyl 0
Dyt = ((;’N F,\;Vl)' (22)

Here Fy is the Fourier matrix of order (Nx N) and Fy' is the inverse of Fy. Therefore

diagonalized matrix of J,, becomes,

Ov I ) (23)

1, _
Uy = N(DZA}]ZNDZN) = (A'N By
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Obviously 0 and I remains invariant under this transformation. Also Ay = %(F,;lANFN) and

By = %(F,;lBNFN) become diagonal matrix. Proper similarity transformation can express U,y

as a block diagonal matrix, containing N blocks of (2 x 2) matrices each; i.e.,

Ly 0 - 0
U=\ . ¥ . (24)
0 0 - Ly
Where all diagonal blocks are written as,
0 1 .
L = (AN(L D B 1))’ vie (1,23, N). (25)
Where,
Ay (LD = EK bcos(¢gs) + €€K bcos(¢gs)cos (Zn(li]_l)), (26)
and
_ 2m(l-1)
By(l,1) =1— &K, (1 + b)cos(¢ss) — €K (1 + b)cos((pss)cos( ~ ) (27)
Now for each diagonal block, we can write two eigenvalues as,
A = BNUDE/(BNADY HaaN WD,y o (1,2,3,,N). (28)

2 3

Hence 2N numbers of eigenvalues can be obtained; positive sign in Eq. (28) leads A4, to
(125, 25 ...), while negative sign leads Ajto (434,45 ...). Now for stable synchronized
solution of the network, real parts of all eigenvalues should be less than unity, i.e.,|Re(A)) | max
and also |Re(4,)|  forall L€ (1,2,-++,N). In other word it can be written simply as,

|[Re(A) lmax < 1. (29)
Therefore, equations (29) and (28) together with equations (26), (27) and (17) determine the
stability criteria for stable phase-locked condition in 1D network of TDFC-DPLLs. This local
stability criterion is the necessary condition for stabilization of the network; but for sufficient
condition one has to determine global stability condition. For a complex network of large

dimension analytical finding of global stability criteria is very difficult and not traceable
[31,32].
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4. Numerical results

Numerical simulation on the system Eq. (16) explores several spatiotemporal patterns and
chimera state. Throughout the simulation, network length is considered to be N = 256 and used
random initial condition bounded uniformly within the natural interval [—m: +m]. The periodic
boundary condition is realized by setting ¢tV = ¢%. The frequency step input to each TDFC-
DPLLs are restricted with ¢ = 1.1 practically such a large value provides sufficiently wide
frequency offset to the incoming signal. The parameter b is kept constant at b = —0.25 for all
the TDFC-DPLLs in the network. For such value of b, each isolated TDFC-DPLLs are very
close to their largest possible loop gain K; ~ 3.6 up to which systems show stable loop
operation [9]. Larger values of K; leads to the lesser steady state phase error in the network [see
Eqg. (17)]. Technically, lesser steady states are more desired in the practical applications;
because they correspond to better synchronization in the network. Throughout the simulation
first 50000 iterations are discarded to eliminate transients.
4.1 Phase diagram

Simulation reveals several important spatiotemporal patterns in the network of TDFC-
DPLLs. All the distinct patterns are mapped in a phase diagram shown in Fig. 4(a). Distinct
colors, in the K; — € parameter space, corresponds to different spatiotemporal dynamics. For
an illustration purpose some of the dynamical patterns are shown in the insets [Fig. 4(b)-(f)].
Also, one route of dynamical phase transition in the network is demonstrated with the increase
of K, for a fixed coupling strength €. For this, keeping € = 0.1, K; is increased gradually. It is
found that the network exhibits following route of dynamical states: synchronized fixed point
(SFP), travelling random pattern (TRP), frozen random pattern (FRP), spatiotemporal
intermittency (STI), spatiotemporal chaos (STC) and chimera state (CS). Some of these
spatiotemporal patterns are shown in the insets [Fig. 4(b)-(f)]. Detail studies on TRP and CS
are given in the next subsections. The black dotted line on Fig. 4(a) represents the marginal
zone for stable phase-locked operation. The line is found from the stability criteria [Eq. (28)}
and (29)]. It confirms complete agreement of analytical result with the numerical outcome. It is
noteworthy that, the region of SFP is wider with respect to K; compared to that of in the network
of conventional ZC1-DPLLs studied in Ref. [10]. Such wider lock range provides lesser phase
error in SFP, hence better synchronization in the network.

Let’s explore the dynamical phase transition with increase in K; for e = 0.1. In Fig. 4(a),
the region of SFP is shown with dark green colour. In this dynamics, starting from random

initial values, all the TDFC-DPLLSs attain a common phase state [given by Eq. (17)] that do not
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change in the subsequent temporal sequences. Such spatiotemporal synchronized state has
immense practical applications in engineering, communication electronics, clock
synchronization etc. Fig. 4(b) shows the state of spatiotemporal synchronization (SFP) of the
network in (i — k) plot with colour map. As K; is increased beyond a critical value (K; = 3.23)
for e = 0.1, the coupling strength fails to maintain synchronization in the network. The system
exhibits spatial bifurcation and the whole network is sub-divided into several domains of
random size and position as shown in Fig. 4(c). Relative positions of the domains largely depend
on initial conditions. But the average widths of the domains decrease with the increase of Kj.
We have identified two variants of such pattern dynamics depending on the mobility of the
domain boundaries. The domain boundaries may or may not be stationary. If the domains are
stationary as shown in Fig. 4(c), such dynamical patterns are called FRP. But if the domains
travel in time along the network, then it is called TRP [spatiotemporal dynamics looks like Fig.
5]. For lower values of €, FRP follows the TRP; but for larger values of €, only TRP appears.
Detail dynamics of TRP is presented in the next subsection. For further increase in K; for fixed
e = 0.1, the system shows STI [Fig. 4(e)] which is a mixture of regular and irregular dynamics.
Some of the TDFC-DPLLs may oscillate periodically for an interval, but they meanwhile may
become independently chaotic. With the increase in K; more, the system becomes completely
chaotic spatially as well as temporally. Such dynamics is called STC [Fig. 4(f)]. Thereafter, for

even larger values of K;, chimera states appears for a small parametric region.

0.8

0.6

0.4

4.5 5.5 6.
1

0 P
0.5 1.5 2.5 3.5 K, 5
S1IK (b) 0.5 51K (C) 1 3
. ! o K 0 o'k
50K 0 50K -1

1 128 ;| 256 128 ; 256 I 128 256
SFP FRP PS

Fig. 4 (a) Phase diagram in K; — € parameter space for ¢ = 1.1, b = —0.25; (b) SFP: € =
0.1, K; = 2.5; (c) FRP: € = 0.1, K; = 3.6; (d) PS: € = 0.45, K; = 3.15; () STIl: € = 0.1,
K, = 4.238; (f) STC: € = 0.1, K; = 5.7.
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The major part of PS in the phase diagram appears after the TRP for larger values of €. The
dynamics of PS is shown in Fig. 4(d). Here the network is subdivided into small but nearly
equal width domains. The domain widths are independent of the initial conditions, but depend
on parameter values. For smaller values of € and larger values of K;, there appear horse shore
shaped blue island in the phase diagram, where the network exhibit CS. The dynamics of CS is
explained in the next.

4.2 Travelling random pattern

Like FRP, domains of TRP are random in size and position. But unlike FRP, the domains of
TRP move in time along the network. The cause of movement of the domains is the phase slip
in successive temporal sequences. It is observed that, for same initial conditions, the direction
of travel randomly change with K; and €. To illustrate this, keeping € constant at 0.40, K; is
increased in small steps and observed the direction of propagation of the domains of TRP. Fig.
5(al)-(b1) show TRP pattern for the parameters K; = 3.16 and € = 0.4. Here the domain
boundaries move towards right, i.e., along the increasing values of i. While slight increase in
K;, reverses the direction of propagation (i.e., along the decreasing values of i). This is shown
in Fig. 5(a2)-(b2) [K; = 3.18, € = 0.4]. While it changes again into the right side for slight
change in K; as shown in Fig. 5(a3)-(b3) [K; = 3.2, € = 0.4]. It is also noteworthy from these
figures that the sizes, positions and the number of domains change arbitrarily with the change
of K;. This is also true for the change in € keeping K; constant. It is also found that not only the
direction of phase slip, but also the rate of phase slip change with the parameters K; and €. But
the rate of phase slip is not random with the change of parameters; instead it follows some

definite rule. Next we explore the rule that govern the rate of phase slip.
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51K 1.3 51K

£ £ _1 50KE
(31)1_1 128 i 258 (32)1_1

Fig. 5 TRP: ¢ = 1.1, b = —0.25 and € = 0.4. Shows the random change in directions of
propagation with the change of K;. (al)-(a3) are the space-time plot of ¢} with colors,
whereas (b1)-(b3) are the same plot with lines. (al)-(bl) K; = 3.16; (a2)-(b2) K; = 3.18;
(a3)-(b3) K; = 3.20.

The rate of phase slip, called the phase velocity(V},), is defined as the shift of domain boundaries

Ai

along the site indices of the network per unit time. Geometrically it is determined by V}, = o

as shown in the Fig. 6(a). Where, Ai is the shift of the domain boundaries in the time interval
Ak. So, it is measured by the inclination of the trajectories of domain boundaries in
spatiotemporal (i — k) plots. Now if the domain boundaries shift towards right then we may
call V, to be positive otherwise it is negative. Fig. 6(a) [K; = 3.0, € = 0.26] and 6(b) [K; =
2.5, € = 0.80] show the different TRP velocities for different parameter values; because the
inclinations of the colour strips [domain boundaries] with the space axis i are different in two
plots. To realize the parameter dependence of I, on K; and €, we plot two graphs. The Fig. 6(c)
shows the variation of |Vp| with K; for constant values of € and the Fig. 6(d) explores the
dependence of |V,| on e for constant values of K;. It is obvious from Fig. 6(c) that, for larger
values of €, |V,| increases almost linearly with Ky; but for smaller values of ¢, |V,| changes
according to cubic polynomial in K;. The polynomial that fits best with the experimental data
can be written as |Vp,| = c3K$ + ¢, K7 + 1Ky + co, Where the coefficients (c3, ¢z, ¢4, ¢o) for
different eare given in the Table 1. It is obvious that absolute values of the coefficients increases
with the decrease in e. Fig. 6(d) shows that, |V},| increases almost linearly with e when K; is

kept fixed.
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Fig. 6 Phase velocity of TRP: constant parameters ¢ = 1.1, b = —0.25. (a) TRP for K; = 3.0
and € = 0.26. (b) TRP for K; = 2.5 and € = 0.80. The inclination of the domain boundaries
with i-axis in (b) is greater than that of in (a). (c) Variation of |Vp| on K; for fixed values of € .

(d) Dependence of |V,| on e for constant values of K;.

Table 1 Coefficients of cubic polynomial that fit best with the experimental data plotted in

Fig. 6(c)
€ C3 () Cq Co
0.8 -0.0280863 0.242712 -0.550632 0.471218
0.6 -0.112175 0.894337 -2.29279 2.02119
0.4 -0.123481 0.962226 -2.43076 2.078
0.2 -0.638219 5.88256 -18.0432 18.4904

4.3 Chimera state

The network of TDFC-DPLLs with local coupling exhibits chimera state within small
islands surrounded by chaotic region as shown in the parameter space. Chimera state embedded
within the chaotic region is rarer in the other networks. To explore the chimera state and the
transition route surrounding the chimera state, coupling parameter is kept constant at € = 0.1
and K; is increased gradually in small steps. Fig. 7 depicts the phase transition route: STC —
CS — SFP. Spatial variation of phases are shown in Fig. 7(al), (b1) and (c1) corresponding to
STC, CS, and SFP respectively. Fig. 7(al) shows STC for € = 0.1 and K; = 5.05. The

dynamics changes to chimera state for small increase in K; [Fig. 7(bl): e = 0.1 and K; = 5.13].
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It shows the coexistence of synchronous and asynchronous zones of TDFC-DPLLs in the
network. It is observed that for small increase in K;the network becomes synchronized [Fig.
7(cl): e = 0.1 and K; = 5.25] and the system enters into the very small synchronized zone
embedded within the chimera state as shown in the phase diagram. This SFP region is

independent of initial conditions.
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Fig. 7 Phase transition from STC - CS — SFP, ¢ = 1.1, b = —0.25, ¢ = 0.1; (al)-(a2) STC:
K; = 5.05; (b1)-(b2) CS: K; = 5.13; (c1)-(c2) SFP: K; = 5.25.

To discriminate among the spatial coherence and incoherence in the chimera state we use the
concept of local curvature recently proposed by Kemath et. al. [33]. It is defined by the second
order derivative of local phase states with respect to spatial indices of each TDFC-DPLLSs in

the network. Mathematically, it is written as,
Dy =V(Vei) = Vi — Vi ' = (di" — dk) — (dh — bk ") = k™" — 200k + i7" (30)

Local curvature D}, for STC, CS and SFP are shown in the Fig. 7(a2), (b2) and (c2) respectively.
It is obvious that local curvature for the synchronous regions becomes zero and it fluctuates
randomly in the asynchronous regions. Therefore, local curvature is a good identifier for the

chimera state.

5 Conclusion:
In this paper we have studied the complex dynamical patterns in a network of TDFC-DPLLSs.

Several distinct spatiotemporal dynamical patterns have identified including spatiotemporal
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chaos. All these patterns are mapped on a phase diagram. Also, the region of stable fixed point
has been derived analytically using linear stability analysis. In real network systems, SFP is the
requisite state of reliable network operation. Therefore, the region of the stable fixed point in
the phase diagram can guide engineers to choose the parameter values in constructing a network
of TDFC-DPLLs. In compression to the network of conventional ZC1-DPLLs, this network
exhibits wider lock range corresponding to K;; this leads to lesser steady state phase error and
hence better synchronization in the network. This engineering network can be constructed with
the help of FPGA system and may be used to demonstrate chimera state experimentally in
electronic systems. We belief that, the TRP can be used for transmission of special signals in

the engineering networks.
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