
 

Advances and Applications in Mathematical Sciences 
Volume 20, Issue 5, March 2021, Pages 815-822 
© 2021 Mili Publications 

 

2010 Mathematics Subject Classification: 11D09, 11D99. 

Keywords: continued fraction expansion, Diophantine equation, Gaussian integer solutions, 

Pell’s equation. 

Received January 13, 2020; Accepted May 13, 2020 

ON THE GAUSSIAN INTEGER SOLUTIONS FOR AN 

ELLIPTIC DIOPHANTINE EQUATION 

MANJU SOMANATH1, K. RAJA2, J. KANNAN3 and V. SANGEETHA4 

1,2,4Department of Mathematics 

National College 

(Autonomous, affiliated to Bharathidasan University) 

Trichy 620001, India 

3Department of Mathematics 

Ayya Nadar Janaki Ammal College 

(Autonomous, affiliated to Madurai Kamaraj University) 

Sivakasi-626124, India 

E-mail: jayram.kannan@gmail.com  

Abstract 

The quadratic Diophantine equation with two unknowns represented by an elliptic curve 

160023022565: 22  JKKJDE  is analyzed for its non-zero separate solutions in  .iZ  

We also gain a few formulae and reappearance relations on the Gaussian integer solutions 

 nn KJ ,  of DE. 

1. Introduction 

The Diophantine equation 
244 zyx   where yx,  and z being 

Gaussian integer were examined by Hilbert. It was proved that there exist 

only inconsequential solutions in  .iZ  Elliptic curves have also been used in 

[3] to prove that the Diophantine equation 
333 zyx   has only trivial 

solutions in Gaussian integers. These outcomes have motivated us to find 

non-zero distinct Gaussian integer solutions to a homogenous quadratic 

Diophantine equation in three variables. Convinced Diophantine problems 
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move towards beginning problems or immediate arithmetical generalizations 

and others come from geometry in a variety of ways. Swayed Diophantine 

problems are neither inconsequential nor complicated to analyze [1, 2, 4, 5, 

6]. 

In this manuscript, we look into Gaussian integer solutions of the 

Diophantine equation 160023022565 22  JKKJ  which is malformed 

into a Pell’s equation and is solved by a variety of methods.  

2. The Diophantine Equation 

Think about the Diophantine equation 

160023022565: 22  JKKJDE  (1) 

to be solved over  .iZ  It is not trouble-free to work out and discover the 

nature and properties of the solutions of (1). So we concern a linear 

conversion Trs to (1) to shift to a simpler form for which we can find out the 

integral solutions. 

Let 









ikbaK

ibhaJ
Trs :  (2) 

be the shift where .,,, Zkhba   

Applying to Trs to DE, we get  

     22
22565:

~
ikbaibhaEDDETrs   

     .1600230  ikbaibha  (3) 

Equating the imaginary part to zero and the coefficient of 2a  and 2b  to 

the smallest amount numeral, we get 2h  and .3k   

Hence for ibaJ  2  and ,3biaK   we have the Diophantine 

equation 

6456:
~ 22  baED  (4) 

which is a Pell equation. Now we try to find all integer solutions  nn ba ,  of 
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D
~

 and then we can retransfer all outcome as of D
~

 to by using the converse of 

Trs. 

Theorem 2.1. Let ED
~

 be the Diophantine equation in (4). Then  

(i) The continued fraction expansion of 56  is  

 14,2;756   

(ii) The primary result of 156 22  ba  is    2,15, 11 vu  

(iii) For ,4n   

  32131   nnnn uuuu  

  32131   nnnn vvvv  

Proof. 

(i) The continued fraction expansion of  756756   

756

1
7




  

7

756

1
7


  

7

756
2

1
7




  

756

1
2

1
7




  

 

.

75614

1
2

1
7




  

Therefore the continued fraction expansion of 56  is 

 14,2;7  
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(ii) Note that by (3), if    2,15, 11 vu  is the primary result of 

,156 22  ba  then the supplementary solutions  nn vu ,  of 156 22  ba  

can be consequently employing the equalities 

   nnn vuvu 11 5656   for ,2n  in supplementary expressions,  

.
0

1

2

56

1

11

























n

n

n

u

vu

v

u
 

For .2n   

Hence it can be given away by generation on n that 

  32131   nnnn uuuu  

and also  

  32131   nnnn vvvv  

for .4n  

Now we think about the problem  

.6456 22  ba  

Make a note of that we stand for the integer solutions of 6456 22  ba  

by  ,, nn ba  and represent the integer solutions of 156 22  ba  by  ., nn vu  

Then we have the subsequent theorem. 

Theorem 2.2. Describe a progression  nn ba ,  of positive integers by 

   16,120, 11 ba  and 

11 896120   nnn vua  

.12016 11   nnn vub  

Somewhere  nn vu ,  is a progression of constructive solutions of 

.156 22  ba  Then 

(1)  nn ba ,  is a solution of 6456 22  ba  for any integer .1n   
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(2) For ,2n  

nnn baa 112151   

.1521 nnn bab   

(3) For 4n  

  32131   nnnn aaaa  

  .31 321   nnnn bbbb  

Proof.  

(1) It is without a doubt seen to 

   16,120, 11 ba  

is a way out of 6456 22  ba  since 

   222
1

2
1 165612056  ba  

    1642561564 22   

.64  

A reminder that by description  11 ,  nn vu  is a method out ,156 22  ba  

of that is, 

.156 2
1

2
1   nn vu  (5) 

Moreover, we observe as greater than that  11 , ba  is a resolution of 

,1642 22  ba  to is, 

.6456 2
1

2
1  ba  (6) 

Applying (5) and (6), we get  

   211
2

11
22 120165689612056   nnnnnn vuvuba  

    5622 62
1

62
1   nn vu  
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 2
1

2
1

6 562   nn vu  

.26  

Consequently  nn ba ,  is a way out of .256 622  ba  

(2) Bear in mind that  

   dbadvudba nnnn   1111  

Consequently dbvaua nnn 111   and .111 nnn buavb    

So 

nnn baa 112151   and .1521 nnn bab   (7) 

Since 151 u  and .21 v   

(3) Applying the equalities 

    1
3

1
2 562152   nnn vua  and .112151 nnn baa   

We find by generation on n that 

  32131   nnnn aaaa  

for .4n  In the same way, it knows how to be given away that 

  .31 321   nnnn bbbb  

We saw as on top of that the Diophantine equation DE could be malformed 

into the ED
~

 via the conversion Trs. Also, we showed that ibaJ  2  and 

.3biaK   So we can retransfer all results from ED
~

 to by using the 

converse of Trs. Thus we can give the subsequent major theorem. 

Theorem 2.3. Let DE be the Diophantine equation in (1). Subsequently 

(1) The primary solution of DE is    .48120,16240, 11 iiKJ   

(2) Describe the progression    ,3,2, 1 nnnnnnn biaibaKJ   

wherever  nn ba ,  defined in (7). 

Then  nn KJ ,  is a solution of DE. 
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(3) The explanation  nn KJ ,  convince  

   1111 152112152   nnnnn baibaJ  

   .152311215 1111   nnnnn baibaK  

(4) The solutions  nn KJ ,  satisfy the reappearance relations  

       321311 31262   nnnnnnn bbbiaaaJ  

       .39331 321311   nnnnnnn bbbiaaaK  

Conclusion 

Diophantine equations are prosperous in diversity. There is no general 

method for discovering the entire possible Gaussian integer solutions (if it 

exists) for Diophantine equations one possibly will explore for additional 

choices of Diophantine equations to find their equivalent Gaussian integer 

solutions. 
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