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Non - trivial integer solutions of the quadratic
diophantine equations x> = 25y% 4 297% and
u?+ 92 =61¢>
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Abstract

Many types of research have been devoted to finding the solutions 1, {, é in the set of non-negative integers of
Diophantine equations of the types n? = a{?+ 8% and n? + {2 = y82, where the fixed values 11,¢,7,a, B and
o are integers. In this article, we will discuss integral solutions of the ternary quadratic Diophantine equation
representing infinite cone given by x> = 25y> + 29z and lattice points of the ternary homogeneous Diophantine
equation representing an infinite cone given by u?+ 92 = 61¢2 are analyzed for its non-zero distinct lattice points.
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1. Introduction

Number theory is the branch of Mathematics concerned with
studying the properties and relations of integers. Many of
these problems are concerned with the properties of prime
numbers. Number theory includes the different aspects of
natural numbers and their extensions in various fields of Math-
ematics and Science. There are number of branches of number
theory including algebraic number theory, analytic number
theory, geometric number theory, combinatorial number the-
ory, computational number theory, probabilistic number the-
ory and so on Number theory also includes the study of irra-
tional numbers, transcendental numbers, continued fractions

and Diophantine equation [1-5].

2. Integral Solutions of an Infinite Elliptic
Cone x2 = 25y? + 2972

In this section, the ternary quadratic Diophantine equation
x% = 25y% 42972 is analyzed for various patterns of integer
solutions. Pictorial representation of the equation

(x2 = 25y2 + 2912) .

2.1 Method of Analysis
The quadratic Diophantine equation with three unknowns to
be solved is

x? =25y% 42972 (2.1)
We present below different patterns of integral solutions of
(2.1):
Pattern 1:
Consider (2.1) as

x? =297% 4 (5y)° (2.2)
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The solutions are found to be
x =29m? + n?
Sy =29m? — n?

z=2mn, wherem,n € N.

Since our interest centers on finding integral solutions, we
consider the following case:

Case (i): Both m and n are even.

(i.e.), take m =2p,n =2q, p,q € Z. Hence, the solutions
of (2.1) are given by

x=29(2p)* +(29)°
Sy =29(2p)* — (2¢)

Z=8pq
In general,
x=2" (29p2 +q2)
Sy=2" (29p2 — qz)
z=2""Ypq), neN
Pattern 2:

Consider (2.1) as:
x> —25y* =297 (2.3)
which can be written in the form of ratio as

x=5 z _p
29; x+5) ¢

(say) ,q #0

Expressing this as a system of simultaneous equations

gx—5qy—29pz =0 2.4)

px+5py—qz=0 (2.5)
and solving (2.4) and (2.5) we get

x =145p% +5¢°
y=—29"+¢
z=10pq, where p,g € N

Pattern 3:
(2.3) can also be written as:

x+5y 29z _p
z  x=5y g

(say),q 70

Proceeding as above, we obtain

x=—5p* —1454°

y=—p*+294>

z=—10pq, where p,q € N
Pattern 4: Consider (2.1) as

x> —2972 = 25y% (2.6)

420

Assume y as

y = a* —29b* .7
write 25 as

25 = p? —294° (2.8)
in the above equation

(¥ —292%) =25 (a? — 291%) 2.9)

Because of (2.7) and (2.8),(2.9) is factorizable form as
(x4 v/29z2)(x — V29z) = 25(a+V29b)*(a — v/29b)?

Define, x + /292 = (p +v/29¢)(a ++/29b)?. Equating the
rational and irrational parts, we get

x = p(a*+29b) +58abq,z = q (a* +29b*) + 2abp
(2.10)

Thus, (2.7) and (2.10) represent the general solution of (2.1).
To find the value of p,q we proceed as follows: Let
(po,qo) be the initial solution of p? —29¢> = 25 Employing
the linear transformation p = pg + 170h,q = gqo + 38h repeat-
edly, the other values of p and g satisfying the equation (2.8)
are given by p = —57799pg + 122740q0, g = —12920p¢ +
27437qq.
Numerical example is presented below:

An algebraic Solutions

expression for 25

x =237 (a®> +29b%) +2552ab
y = a®> —29b*
z =44 (a* +29b°) +474ab

Casel | (237—44y/29)

(237 +44+/29)

In the above section, we have presented four different
patterns of non-zero distinct integer solutions of the infinite
elliptic cone given by x> = 25y? +29z%. One may search for
other patterns of non-zero distinct integer solutions for the
same equation.

Pattern 4:
Instead of (3.8) we can also write 1 as

(V61 45)(v/61—5)
36

Proceeding as above, we obtain the solutions as

1=

1 =Hu(A,B) =36 (614> — B?)
¥ =9(A,B) =6 [5 (614> + B*) + 122AB]
¢ =9 (A,B) =6 [61A% + B> + 10AB]

Pattern 6:
Equation (2.1) can be written as

pt50  60+9 p
60— H-50 g

(say),q # 0
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Proceeding as above, we obtain the solutions as

1 =u(p,q) = —5p* +5¢* — 12pq
¥ =9(p,q) = —6p*> + 64> + 10pq
¢ =¢(p,q) =—p*—¢*,p,gEN

Pattern 7:

Let 4 = 5u+6v and ® = 6u — 5v. Then u? + 9% = (61)¢>
and equation (2.1) becomes u> +v> = ¢>. We obtain u =
k (m*—n?) v = 2kmn,¢ = k (m*+n?), for some integers
k,m and n, hence the solutions

u=k (sz + 12mn — 5n2)
O =k (6m* — 10mn — 6n%)

¢ =k (m* +n*), where m,n€N.

Pattern 8:

Let it = 5u—6v and ¥ = 6u+5v. Then u? +9? =61 (u® +1?)
and equation (1) becomes u? +1? = ¢2.

We obtain u = k (m* —n?) ,v = 2kmn,z = k (m*+n*), for
some integers k,m and n, hence the solutions

u =k (Sm2 — 12mn — 5n2)
O =k (6m2 + 10mn — 6n2)
¢ =k (m* +n*), where m,n € N.

In this above section, we have made an attempt to obtain a
complete set of non-trivial distinct lattice points of an infinite
cone.

3. Conclusion

To conclude, one may search for other choices of solutions to
the considered infinite cone and further Diophantine equations
with multi variables. Since the ternary quadratic Diophantine
equations are rich in variety, one may search for other choices
of Diophantine equations to find their corresponding integer
solutions.
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