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Abstract—Encountering the uncertainties in our new world 1.
is a major problem which many managers are engaged with
that. The stochastic nature of demand arrivals and service Review Stage
processes is an important problem which is studied by many . . .
researchers. This article is dedicated to analyzing some All queuing systems which considered up to now and
queuing systems with stepwise demand and service ratesanalyzed with math relations had a joint point which was
functions. Some analytical concepts are presented by using their stationary. A stationary queuing system is achievable
numerical examples. Also, the basic relations of queuing theory when arrival and service rates with any statistic distribution
are used and finally the findings are applied in a case study. gre stable in any planning period and utilization ratio is
The article will help the mamagers to obtain the optimal gmaller than 1 [7]:
servicing parameters for a stochastic system with stepwise
demand and service rate functins to achieve the minimum p=—<1 (1)
total cost. Cu

Discussing queuing systems withveral servers where each
Index Terms— Base time rate, Mean rate, Non-stable customer needs a stochastic memof same servers studied

ANALYZING M [ M [1moDEL

queues, Stepwise function by [4] for the first time. This queuing System is similar
toM /M /1queuing system however there are some
I. INTRODUCTION differences.

] . ~In many real world problems, probabilistic distributions
Wlth a renewed approach to exponential queuingtes related to interval between arrivals or interval between

systems in viewpoint of time base arrival and servicgeryices are variable during the time. We specify this type of
rates, it is possible to improve the flexibility of theseyueuing models with a index next to the statistical
systems encountering with real applications. Using periodigstribution. In exponential time based systems which are
StepWise function to estimate the variable states of ratﬁfoceeded here, System manner can be studied by Chapman-
allows us to achieve definite results for queue parametggimogorov differential equations. Some examples of a

because by calculating the ean rate from stepwise p, ;pg g C, / K system can be written in below form [8]:
functions and replace them aiassic relations of queuing 't t ’

i - i t
glﬁ\(/)é)é’, problem of encountering non-stable queue will bdp(;t( ) _ 2 Py (1) + 22(8) By (1),
Studying these systems was first discussed by [1] and [2] l(Hb )
relation to obtain analytical models and continued by [3="22 = —(A(t) + nu(t)) p,(t) + A(t) p,_,(t)
[4], [5] and [6] in developing numerical and approximation Gt
methods. +(N+Du)p, () O0<n<c(t)
This approach is applicabldo survey transportation )
systems, networks traffic and scheduling stochastic systen@n_ = —(A(t) + c(t) u(t)) p,(t) + A(t) p,_,(t)
Therefore, it is possible to achieve exact key parameters ofdt
each queue by estimating timeriaaces of rates in systems +ct)u()p,,,(t) n=>c(t)
with variable rates to periodic stepwise functions. dp, (t)
k

i A1) Py (1) — (B)e(t) p (1)

Beside A, ¢ which are base time rates, above equation

()

system has variable servers numigerand it is possible to
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approximation method [6]. Solving this system of equationsp, , (t)
with various numbers of servers during the time is more g
complex and it is necessary to define service policies while

one or more engaged servers exit the system in a specgg? using commandode45 in software for equation
time. Preemptive discipline and exhaustive disciplin stems, these results have been obtained for queue
policies before the customer exiting will affect the transieq: aracte'ristiCS'

probabilities and needs to define a new system 0 '

differential equations based on Hyper-Geometri~
distribution [9]. Functions which are used for service an
arrival time distribution rates are stepwise such as ti
function is shown in Fig.1. This special type of base tim 0.3
form of arrival and service rates is specified by usin
superscript sw for base time distributions in queuing 0.

= AP (t) ~ (O P (1) forO<i<k=18

Probability

notation.
Ha
s . . : -0.1
M‘z -0.2
180 200 220 240 260 280
» Time
t Fig.2 System transient probabilitiesrfoumber of customers in the

T T2 T T2 T
systemr; (t) (each color refers 0 to 18)
Fig.1 A stepwise function for seice rate with period cycla_1 + T2

Customer

In order to analyze the behavior of this base time syste
related differential equation system is solved by MATLAB: .
software according to relation 2 and the results are shown * ‘l
following graphs. In this numerical example, number ¢
servers assumed deterministic and number of custom |
must be finite. 7 ‘

A. Numerical exampleM ™ /M /5/18 6

|
|
|
Assume a queuing system with exponential arrival ar _ ‘
service times distribution, stepwise function base time rate |
5servers and a capacity of @8stomers. Arrival and service 4

functions characteristics are as follow: L A : i o, A . A L
Arrival Distributi on = exp(l,, T,,....2,,T,) = exp(158124)  (3) R R R B S 2N A e

Service Distribution = exp(uy, Ty, 45, To) = €xp(4837)  (4) Fig.3 Number of customers in system during long tekrft)

Relation 3 implies the base time exponential distribution

which has rate 15 in first 8 units of time and in second 4

units of time, the arrival rate is equal with 12 in a unit oft is obvious in Fig.2 and Fig.3 that related values to queue
time. Above characteristics are true for time distributiomain parameters like transient probabilities and long term
between services too. Systefilization ratio is equal to 1 in number of customers in system depends on time and do not
the most difficult status buiccording to system finite converge to specific value but only have similar and
capacity we do not have the infinite queue in this situation.repetitive cycles of a base cycloid. Also by using Simpson
We have to open the equations system perfectly and defintegral method we can calctdaa mean value for a cycle
that for MATLAB software inorder to obtain the numerical which has some error.

solution for differential equations:

dp, o(t) [ll. GENERAL ANALYTIC MODEL
—dt =AM P o(t) + p(t) P2 (V) To represent analytic queuing model related to exponential
do (1) system with stepwise function base time rates it is important
in\t) _ to consider that our analyzing base is random choosing of a
dt (A +nu(D)) p"“(t) +40p '”‘1(t) time period between two consequent arrivals and consider
(5) the system manner during this period. Random variable
+(n+Du®)p v"+1(t) for0<n<5 period length and determining start and finish points of this
dpi n(t) period in stepwise function of service rate must be
—=" = —(A(t) +5u(t))p, () + A) p 4 (1) considered. Also, our main alyzing method to represent
dt time continuous chain is Markovian because in every
+5u(t)p (1) for5<n moment our queuing system is exponential.
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A. First step, analyzingM /Mlsw /1 model Probability of second state is relevant to first step rate and in

In this model it is assumed that arrival rate for exponenti}:\kl|IS state like first state, service rafds active.
distribution is stable and only service rate is base titr\r,1\)g ~( 1 ) T, o 26t dx — 1-e*h 7
stepwise function. So, if we consider a period between twe? ~ ‘. 1.7Jy Jr_« T AT AT, @)

. X . . 1 2 1 1" i2
consequent arrivals and fit that on service rate stepwise . . ) . o
function, number of states that can be studied is twofofg: Probability P3 is relevant to situation which interval
function has two steps, four states will be possible: and consequently service rate in this situation is equa)l to
A. According to Fig:A_f and u§ing.uniform.distribution tOFig.6 shows the relevant situation:
calculate the probability of arrival interval time occurrence
during a cycle of stepwiseaufiction, the first state service
rate probability is given by: Fy

il o

A,
T T

: | 2 .
t x . Ft
. >

™ T L T I

Fig.4 Fitting the interval arrival rate diirst step of stepwise function

Fig.6 Fitting interval arrival time period on second step of stepwise
function

Probability relation of this situation is given by:

Lo ent AT, +e?h-1
Pl N ( )J J‘ e dtdx =———" (6) 1 Ty o Tex AT, +e 1
Py = AeMdtdx=22"" "= (g
T,+T, b Jo AT #T,) X (T1+T2) X jo s ®)

Probability R is given by multiplying two probabilities: D. Similarly to state2, state four is relevant to a situation

P1=p(finish point of time interval be smaller than the enavhich service rate variation from second step to first step
of first step)*p(match the start point of interval time on firstill occur during a time period between arrivals. Fig.7

step) illustrates situation four schematically:

The probability of choosing a point on time axis is based on

uniform distribution on a cycle and the probability of lasting -~ Avd

the period to a specific value is calculated based on ';I
exponential distribution. And also it is assumed that service [-ﬂ ! 7 :

rate is stable during the service process of a customer and

continues up to end of the service.

B. Probability P2 is calculated from the mentioned method ‘!.12
but in this case, occurrence of interval arrival time period is

in such way that start point of the period fits on the first step

TR

RAERARAS,

Lt

and finish point of the period surely will occur out of first *
step. This period is related to first step service rate and if the . TS Th
rate changes, first rate is applied. Fig.7 Fitting interval arrival time period on first and second steps of

stepwise function

Probability of this state is calculated by below relation:

o -l
P = 1 f o .E Ae M dtdx = ot 9)
TI+‘T2 1 147 2—-x ti,(Tl +T2)

. Probabilities of various service states in a time period
' : between stochastic arrivals was calculated according to
' : relations (6) to (9). Summation of these probabilities is
equal to one. Therefore, systempected service rate is the

statistical mean of these four states for rates and is given by:

> ;:=(H+R)ul+(P;+P4)u=[ d J”ﬁ[n?g}‘z (10)

L +1,

>

14l

42

O m\m‘l‘l 3

]

T, Te T.

Fig.5 Fitting interval arrival time period on first and second steps of 4
stepwise function

P D R=1 (12)

1
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Now, according to exponential behavior of queuing syste

in every state (possible maus rates), there exist a N ‘. 1 AT +e W™ _]
continuous Markovian chain @nalyze this queuing system P, (m) =) | | — S
which is different from the classic exponential queuin = Z"' ZT A, (16)
model just in calculating mean service rate. il ¥
NoOA A A m=1To Ms
@ - __ o Ns r. 1 l_e—/’b."i"m
- - - - P (m)= z - — ﬁ
M /J* M 1{"{' =1 Z‘r Z T AJ. (17)
Fig.8 Continuous time Markovian chain il /M tSN /1queuing =] ! ol k
system
m=17To Ms

Therefore, all queuing relations M /M /1systems are

true here [7] but we replace a mean service rate. Probability 1and 2 in relations (16) and (17) are relevant to

: w W states where interval between arrivals were completely
B. Analyzing M ™ /M ™ /1model placed in one step of secei function or was in a form
This model is more complete than the model presentedwhich included service rate variations. Finally, mean arrival
section IIl.A just by one stage where arrival rate variation snd service rate in this system can be calculated based on
a stepwise function in its relevant time. Computationdbllowing relations (18) and (19) which result in calculating
differences between this model and the last one are the classic relations of exponential queues.

service rate calculating which is needed in computing
probability in each statof four possible states. So, if we
have a time stepwise function for arrival rate, we can stut

. . M Ms T
following possible states: — : . J
A= (BO+PO =3 | 57—, @8
>\AL i=1 Jj=1 Z]‘;
i=1
>\1 — —_ —_— _ N3 r.
N L S 2= |5—MW, (19)
2 = .
i
=1
» C.l. Analyzing M * /G /1model
£ £ & -
ty 2 t 2 ] In relaton to M /G/1 model, we can generate a
Fig.9 Arrival rate stepwise function with two steps in each cycle Markovian chain model as follows:
In this section there exist relations like (6) to (9) whicl X o+ A4-1 Y >1
result that time interval between two consequent arrivals _ ) “n =
this system can be shown based on first rate or second 1~ 7+ A X =0
each of which have a probability to be chosen. " (20)
¢ w0 G_M(/":,f)a
P(AteT) = L (12) Pi{4= a}= J‘ilb(r)d(r)
1+, 5 a.
‘s P{ A=a} shows the probability of arrivals to system in
P(AteT)) = P (13) two consequent service intervals. As it is seen in relation
12 ] ) (20), to calculate this probability, Poisson process is used to
Therefore we can rewrite relation (6) in below form: calculate number of arrivals in the interval. According to
1 T R L base time state and espdgiastepwise function of
P - H A7 gt = 14) e state ¢ Egia |
1 L+ \T+T, o\ #1) AL+ exponential distribution rate in this section we can replace a
f | L fOVAT + o] A, rate instead of each step of function:
P=|—|— f [ A dtdy = (15)
L+t N\L+T, ) b+t ) AL +T)

Other relations can be calculated similarly and based on w| T ; 4 ()1 -
- . - . WS : b e B
equation (16) and (17) it is possible to study generaIP{A_a}_z J {J |J b({)d{] 1)
al

formulation of any possible stabf every stepwise function - X
with any number of steps: ’ ZT: 0
i=1
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In this section it is assumed that service rate stepwisEx Msprobability calculations. Consequently, mean
function has NS steps with various rates in each of itsservice rate will be calculated by relation (26):

periodic cycles which result in calculating probability with %

summation of NS consequent relations. Using this methoA = Z (B (m)+ P, (m)) i, (26)

m=1

it is simply possible to analyz¥ tSN/G /1queuing system. o
Therefore, relevant probabilities t€5/M ™ /1will be

C.I1. AnalyzingG /M /1model obtained by replacing_J instead ofu

, (27)
defined as follows:

Y, =X +1-B :(X,.,2B.X,20) (2

<L+l

s , . o re M (ut)”
For a G/M;" /1queuing model, Markovian chain is P{B =b}= I%”@df
; !

Other computations relevant t65/ M /1 model are

Theref
eretore “ o~ (1)’ completely similar toG/M /1 model just with mean
e " ur i
P{B _ E)} _ J' F a(r) dr 23) service rate.
’ b!
P{B =D} shows the probability df exits in interval time IV. CASE STUDY

between two consequent arlivdo system. Now, according In this section, it is tried to show using of these models by a
to consideration of base time queuing system stepwipeactical example. This example is about modeling a simple
exiting rate we have remember that service won't berossroad by using base time queuing model.
uniform during all moments of a cycle. So, we have to uda a simple cross road with a traffic light, as it is seen in
the method of defining arrival intervals on service functiofrig.10 every arrival roads haspseate arrival rate each of
and calculate possible probabilities on service rate stepwistich have variation in specific time periods in more real
function and finally we obtain mean service rate to replaaases. Each path has a specific capacity for car queues.
in relation (23). Queue units can be expressed as one car or several cars
which can move through the ag width because in real
cases, road width gets full earlier. Each group size is based
on cars mean width and road width and can be any real
1 Te +Tm ol +Tin —x number. Finally, these group sizes will result in final
Ms ( L L a (r)d‘f) solution of queues length and present customers in system.
Z T, Here we consider an exampfrom a crossroad which has
=1 (24) four stepwise functions for arrival rates and one stepwise
o service rate function. Service rate values constantly varies
m=1To Ms b X .
etween zero and crossroad seeviate. The reason is that
m-1 when the light varies between red and green positions, this
Ic = Z T, stepwise rate are generated from the viewpoint of arrival
=1 path and cycle ordesubstitutes in each vertical path. Also,
arrival rate function can vary between two different numbers
but arrival stepwise functions can obtain more than two

Tet+Tm o variation values (step in each cycle).
_[ f a(f)dt
[ o OFLTH—X

i=l (25)
m=17o Ms

P (m)=

c

P,(m) =

Ms

= s
= _—
“HE =

Relation (23) is relevant to probability of time period Al nim
occurrence in one step of service rate stepwise function and | e
completely places in that step. Relation (24) is relevant to I
states where interval time staftem first step and finishes LI ]‘

|

1

Ie = MZ_iT —
=1

out of first step. This equation was used in relations (6) to
(9) but in that case, time distributica(t) was exponential

and integral was computable, so in relations (23) and (24)79-10A simple crossroad with fourrval paths and one traffic light

fter recognizinga(t) distribution, relevant integral and According to Table.1 whichontains characteristics of the

a 9 g _ _ ’ 9 supposed crossroad with stepwise exponential rates, we can
needed probabilities will be calculatedVissteps are study the results:

considered for service rate stepwise function which result in
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Table.1 Relevant information to a simple crossroad

No 1 2 3 4
A 9 10 15 12
Ay 5 8 12 7
T, 10 3
T, 5 10 4 2
Cyc. 15 12 12 5
7 20 0 20 0 | Total
y7n 0 20 0 20
T, 8 8 8 8
T, 15 15 15 15
Cyc. 10 10 15 4
C 1 1 1 1
K 20 15 18 12
L 13.33| 2.01| 17.01 2.86| 35.21
L, | 1235| 1.34| 16.01 2.1 31.4

V. CONCLUSION

As it is seen in paper's sections, by base time mean
calculation which are arrival and service rates in exponential
queuing systems or general and exponential queuing
systems, a set of deterministic results are calculated for
these types of queue parameters. Stepwise function has a
good ability to fit the rates cortgx variations in time in
simplest situation. So, we can hopefully approximate
sinusoidal and cosine functions or more complex forms to
stepwise function and obtain a quick solution with high
accuracy by this method. Arr application of base time
gqueues with stepwise rates is the ability to scheduling work
shifts for servers which workn systems with stochastic
specifications. Calculating an expected cost function based
on generated queues and optimizing that by various times
for steps can help us to obtain the least cost based on a right
planning in stochastic systems. One field to future research
is to analyze base time rates in group arrival or group
service systems or to analyze queuing networks with base
time nodes. Entering base time rates to other queuing
discussions would be a solution object for many practical
problems.

L,L, results are calculated B¢ /M /1/ K model.

Each above table row is relevant to one branch of crossroad.
Stoplight times are 8 and 15 seconds vice versa f3i
crossroads. Yellow light time is considered in green IigrE]
time. Maximum capacity for numbef cars in each road is
given in column k. Finally, queues information are [3]
aggregated in last column which shows that with this couple
time considered for stoplight it's expected that in long ter(r)ﬂ
in a random moment, about 32 cars are stopped in crossr a]d
Therefore it's possible to mimize long term expected
gueue length in crossroad and find stoplights optimal tiniél
by varying green and red phases times. By using queuing
relation and replace that in a computer software which is
prepared by MATLAB7, time period (5,180) seconds for
green and red lights studied and following results aitél
obtained.

(7]
(8]
El

a5 s

La

100

200
Tgreen Tred
Fig.11 Queue expected values for assumed crossroad in long term

Local maximum points in Fig.11 are banned points which

have been generated in reason of nominator and
denominator same values in queue utilization relation

(relation number (1)). Now, it's obvious that values beside

main diagonal are best times which can be used in stoplight
assignment. Best relevant couple time is (31, 35) which
reduces expected crossroad queumber to 25.71which is

a salient improvement.
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