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THREE LIKELIHOOD-BASED
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Survey and longitudinal studies in the social and behavioral sci-
ences generally contain missing data. Mean and covariance struc-
ture models play an important role in analyzing such data. Two
promising methods for dealing with missing data are a direct
maximum-likelihood and a two-stage approach based on the un-
structured mean and covariance estimates obtained by the EM-
algorithm. Typical assumptions under these two methods are
ignorable nonresponse and normality of data. However, data sets
in social and behavioral sciences are seldom normal, and expe-
rience with these procedures indicates that normal theory based
methods for nonnormal data very often lead to incorrect model
evaluations. By dropping the normal distribution assumption,
we develop more accurate procedures for model inference. Based
on the theory of generalized estimating equations, a way to ob-
tain consistent standard errors of the two-stage estimates is
given. The asymptotic efficiencies of different estimators are com-
pared under various assumptions. We also propose a minimum
chi-square approach and show that the estimator obtained by
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this approach is asymptotically at least as efficient as the two
likelihood-based estimators for either normal or nonnormal data.
The major contribution of this paper is that for each estimator,
we give a test statistic whose asymptotic distribution is chi-
square as long as the underlying sampling distribution enjoys
finite fourth-order moments. We also give a characterization for
each of the two likelihood ratio test statistics when the underly-
ing distribution is nonnormal. Modifications to the likelihood ra-
tio statistics are also given. Our working assumption is that the
missing data mechanism is missing completely at random. Exam-
ples and Monte Carlo studies indicate that, for commonly encoun-
tered nonnormal distributions, the procedures developed in this
paper are quite reliable even for samples with missing data that
are missing at random.

1. INTRODUCTION

Mean and covariance structure models play an important role in under-
standing relationships among multivariate observations. With popular
software—e.g., LISREL (Jöreskog and Sörbom, 1993) and EQS (Bentler
1995)—these kinds of models are widely used in social and behavioral
sciences. Special cases include path analysis, confirmatory factor analysis,
errors-in-variables, simultaneous equations, and other latent variable struc-
tural equation models (e.g., see Kline 1998; Mueller 1996). With a com-
plete sample, various approaches to estimation and testing in mean and
covariance structures have been developed (e.g., Bollen 1989; Browne
1984; Browne and Arminger 1995; Satorra and Bentler 1988, 1994; Yuan
and Bentler 1997a, b 1998). However, in the social and behavioral sci-
ences, data collection may involve long questionnaires that are tiring to fill
out precisely, and a single study may take several years to complete, so that
missing data are almost inevitable. Despite this fact, not many statistically
sound approaches to mean and covariance structures with missing data are
available, especially, for the typical nonnormal data sets that are found in
social and behavioral sciences (Micceri 1989). There is no effective way to
evaluate a hypothesized mean and covariance structurem5m~u0! andS5
S~u0!, generally regarded as the most critical part of modeling hypothet-
ical relations among latent variables.

When data are multivariate normal and the missing data mechanism
is ignorable, which includes missing at random (MAR) and missing com-
pletely at random (MCAR) (Little and Rubin 1987; Rubin 1987; Schafer
1997), estimation and inference can be accomplished by maximum like-
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lihood (ML) facilitated by the EM-algorithm (Dempster et al. 1977; Little
and Rubin 1987; Meng and Pedlow 1992; Schafer 1997). One such ap-
proach is a two-stage method (e.g., Brown 1983; Finkbeiner 1979; Rovine
1994). In the first stage of this approach, estimatesPXn andSn of m andS are
obtained through the EM-algorithm based on a multivariate normality as-
sumption. The second stage is to proceed with the analysis as in the com-
plete data case, treatingPXn andSn as the sample mean and sample covariance
matrix. In this stage, one obtains an estimateDu of u0 by minimizing the
likelihood ratio function based on a normality assumption

FML~u! 5 tr~SnS21~u!! 2 log6SnS21~u!6

1 ~ PXn 2 m~u!!'S21~u!~ PXn 2 m~u!! 2 p, (1)

wherep is the number of variables, andT1 5 nFML~ Du! is a test statistic to
evaluate the model structure (e.g., Browne and Arminger 1995). Another
approach to obtain an estimate ofu0 is a direct ML method (e.g., Allison
1987; Arbuckle 1996; Finkbeiner 1979; Jamshidian and Bentler 1999; Lee
1986; Muthén et al. 1987). For thei th observed caseXi with dimensionpi ,
E~Xi ! 5 m i and cov~Xi ! 5 S i , where the latter are a subvector and a
submatrix ofm andS respectively. With

l i ~u! 5
pi

2
log~2p! 2

1

2
$log6S i ~u!61 ~Xi 2 m i ~u!!'

3 S i
21~u!~Xi 2 m i ~u!!%, (2)

the direct maximum-likelihood estimate (MLE)Zu can be obtained by max-
imizing the log-likelihood function

l ~u! 5 (
i51

n

l i ~u!+

Let vech({) be an operator that transforms a symmetric matrix into a vector
by stacking the columns of the matrix, leaving out the elements above the
diagonal. We will uses 5 vech~S! andb 5 ~s ',m' !' for convenience.
With missing data and a saturated model, them i andS i are functions ofb,
and the corresponding log-likelihood function is given by

l ~b! 5 (
i51

n

l i ~b!+ (3)
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Denote Zb the estimator ofb0 obtained by maximizing (3). Based on nest-
ing in the saturated model~m,S!, the associated likelihood-ratio statistic
T2 for testing the structure~m~u!,S~u!! is (e.g., Arbuckle 1996).

T2 5 2@l ~ Zb! 2 l ~ Zu!#+

Because no better alternative is available, these two approaches are
commonly used in practice even when data are nonnormal. For example,
the direct ML approach is implemented in the computer programs LINCS
(Schoenberg 1989), AMOS (Arbuckle 1996), Mplus (Muthén and Muthén
1998), and Mx (Neale 1994). Under the assumption of multivariate nor-
mality and the null hypothesis,T2 is asymptotically distributed asxp1p*2q

2 ,
wherep*5 p~ p 1 1!02 andq is the number of unknown parameters inu.
When data are complete,T1equalsT2and equals the commonly used Wishart
likelihood-ratio statisticTML . For complete data, conditions also exist for
TML to be valid for nonnormal data with some specific models (Amemiya
andAnderson 1990;Anderson andAmemiya 1988; Browne 1987; Browne
and Shapiro 1988; Mooijaart and Bentler 1991; Satorra and Bentler 1990,
1991; Shapiro 1987; Yuan and Bentler 1999). Unfortunately, there is no
effective way of verifying these conditions in practice. When these con-
ditions are not satisfied, normal theory methods generally lead to incorrect
model evaluation and misleading substantive conclusion even in the com-
plete data cases (e.g., Hu et al. 1992; Curran et al. 1996; Yuan and Bentler
1998), and it is unlikely that one can avoid the incorrectness with an added
missing data problem. Ideally, one would model the data by finding a non-
normal distribution, and inference could proceed with maximum likeli-
hood. Unfortunately, distributions of real data in the social and behavioral
sciences tend to be skewed and to have heterogeneous marginal kurtoses.
Existing classes of multivariate nonnormal distributions are either too re-
stricted or have unknown distributional forms (e.g., Olkin 1994; Fang et al.
1990; Yuan and Bentler 1999). It is not an exaggeration to say that, in
practice, any application of the maximum-likelihood method with multi-
variate data is at best only an approximation to reality. Normal theory-
based methods represent one type of such an approximation.

Abreakthrough in mean and covariance structure analysis with non-
normal missing data was made by Arminger and Sobel (1990). Using the
pseudo maximum-likelihood (PML) theory developed by Gourieroux et al.
(1984), Arminger and Sobel proposed the sandwich-type covariance ma-
trix in describing the distribution of parameter estimates instead of the
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inverse of the normal theory-based information matrix. Sandwich-type
covariance matrices for covariance structure analysis with complete data
have been proposed by Dijkstra (1981), Bentler (1983), Shapiro (1983),
Browne (1984), Arminger and Schoenberg (1989) and Browne and Arm-
inger (1995). Our experience indicates that standard errors based on the
sandwich-type covariance matrix are much more accurate in evaluating
parameter significance than those based on normal theory methods. On the
other hand, the sandwich-type standard errors behave similarly with those
based on normal theory methods when data are multivariate normal (e.g.,
Yuan and Bentler 1997b). Based on simulation studies with various distri-
bution conditions, Yuan and Bentler recommended the sandwich-type co-
variance matrix as the default output in structural equation modeling
programs.

Almost all the normal theory-based missing data methods assume
that the missing data mechanism is MAR. This assumption may not be
realistic with practical data (e.g., Allison 1987:77). A more frank attitude
should be that some missing variables are MCAR, some are MAR, and
some may even be not missing at random (NMAR). Like the normality
assumption on distribution, MAR represents only a working assumption
for missing data. If data are normal and all the missing variables are either
MAR or MCAR, parameter estimates based on maximum likelihood will
be consistent (Rubin 1987). However, admitting an incorrect distribu-
tional specification, according to Laird (1988) and Rotnitzky and Wypij
(1994), the parameter estimates will be inconsistent unless the missing
data mechanism is MCAR. With missing data from a distribution having
heterogeneous marginal skewness and kurtosis, it is not clear how to spec-
ify the likelihood function for obtaining the true MLEs. Normal theory-
based maximum likelihood is still a working approach to missing data
problems in mean and covariance structures regardless of what the missing
data mechanisms are. Actually, whatever the assumption on the missing
data mechanism is, once a fitting function as in (1) or (2) is chosen, the
MLEs of the model parameters are the same. If there is a bias in a param-
eter estimate, the bias will not disappear because some untrue assumptions
have been accepted. In order to obtain sensible statistical inference, there
are two sets of assumptions one can choose: (I) normal data and MAR
mechanism; (II) nonnormal data and MCAR mechanism. Besides Arm-
inger and Sobel (1990) and Yuan and Bentler (1996), almost all missing
data methods for mean and covariance structure analysis assume normal
data. All the likelihood-based methods assume the MAR mechanism. The
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advantage of picking assumptions (I) is that one can use the likelihood
ratio statistic and Fisher information-based standard errors for model in-
ference. Unfortunately, inference based on normal theory can be quite mis-
leading in practice. If assuming (II), one has to develop new statistics and
standard errors for model inference.

Arminger and Sobel (1990) developed the sandwich-type covari-
ance matrix for parameter estimates obtained by maximizing (2). With
assumptions (II), the present paper has the following four contributions.
First, a new and rather natural approach for estimatingu0 is proposed. The
new estimator Xu is asymptotically at least as efficient as eitherDu or Zu.
Second, we will develop a sandwich-type covariance matrix forDu, and
study the asymptotic efficiencies of the estimatorsDu, Zu, and Xu. Third, we
will characterize the asymptotic distributions ofT1 andT2. Rescaled ver-
sions of these test statistics, whose distributions should be better approx-
imated by the proposed chi-square distributions, will be given. Fourth, for
each estimator we give a test statistic whose asymptotic distribution is
chi-square regardless of the underlying distribution. In addition to the above
four contributions, we also study how much bias in parameter estimates
occurs when MCAR is not a realistic assumption. Our statistical develop-
ment of these procedures is based on the approach of the generalized es-
timating equation developed in Liang and Zeger (1986) (see also Yuan and
Jennrich 1998). When applied to mean and covariance structure analysis,
the regularity conditions involved are as follows: the population covari-
ance matrix is positive definite, fourth-order moments exist, and the struc-
tural model is identified and twice continuously differentiable. These
regularity conditions will be assumed throughout our development, with-
out being specified explicitly.Aclosely related approach is the PML theory
set out by Gourieroux et al. (1984) and applied to mean and covariance
structure models by Arminger and Schoenberg (1989) and Arminger and
Sobel (1990). Parallel developments for covariance structures with com-
plete data are made by Dijkstra (1981), Shapiro (1983), Browne (1984),
Arminger and Schoenberg (1989), and Browne and Arminger (1995), and
for arbitrary types of structural models by Bentler and Dijkstra (1985).

The rest of this paper will be arranged as follows: The asymptotic
distributions of different estimators and their asymptotic efficiencies will
be studied in Section 2. Different test statistics for evaluating model struc-
tures will be given in Section 3. Since many applications in practice in-
volve only a structured covariance matrix with a nuisance mean vector, we
will turn to this special case in Section 4. Illustrations and comparisons
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among various procedures are presented in Section 5. Simulation studies
on parameter bias will be described in Section 6. Some concluding re-
marks are given at the end of the paper. An outline of relatively compli-
cated proofs will be given in an appendix.

2. ASYMPTOTIC DISTRIBUTION AND EFFICIENCY

In this section, we will study and compare three estimators: (1) the two-
stage estimatorDu, (2) the direct MLE Zu, and (3) a minimum chi-square
estimator Xu that will be introduced in this section.

In order to study the asymptotic distribution ofDu, we need to know
the distribution of PXn andSn. Since the E-step of the EM-algorithm is based
on the normality assumption, the parameter estimateZb 5 ~vech'~Sn!, PXn

' !'

of b5 (s', m' )' actually maximizes the log-likelihood function in (3). Con-
sequently, Zb is a stationary point of the generalized estimating equation

G~ Zb! 5 0, (4a)

where

G~b! 5
1

n (
i51

n ]l i ~b!

]b
+ (4b)

Letb0 denote the population counterpart ofb. If E @G~b0!#50, then under
some standard regularity conditions,Zb is strongly consistent and asymp-
totically normally distributed (Yuan and Jennrich 1998), and

!n~ Zb 2 b0! L
&& N~0,V Zb!, (5a)

whereVb 5 Ab
21 Bb Ab

21 with

Ab 5 2 lim
nr`

1

n (
i51

n ]2l i ~b0!

]b0]b0
' , Bb 5 lim

nr`

1

n (
i51

n ]l i ~b0!

]b0

]l i ~b0!

]b0
' +

(5b)

Similar results can be obtained using the PML theory (Gourieroux et al.
1984; Arminger and Sobel 1990). The estimating equation (4) is called
unbiased ifE @G~b0!# 5 0 (e.g., Godambe and Kale 1991). In such a
case, the result in (5) holds regardless of what the underlying distribution
of the data is. When the missing data mechanism is MCAR, (4) is un-
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biased. When data are normal, (4) is also unbiased for MAR data. When
Xi ; N~m i ~m!,Si ~S!!, thenAb 5 Bb , which corresponds to the normal
theory information matrix andVb 5 Ab

21 is the minimum asymptotic co-
variance matrix any estimator can achieve. For a general nonnormal dis-
tribution, Zb does not enjoy such an optimum property. However, for the
unbiased estimating equation (4), regardless of the distribution of the data,
consistent estimates ofAb andBb can be obtained by replacing the un-
known parameterb0 in (5b) by Zb and omitting the limit notation; we will
denote such an estimator byZV Zb + In addition, note that the form ofAb also
does not depend on the underlying distribution. Let

ki 5
] vec~S i !

]s '
, and ti 5

]m i

]m'
,

which are respectivelypi
2 3 p* andpi 3 p constant matrices with elements

being either 1 or 0, then

Ab 5 1
1

2
lim

nr`

1

n (
i51

n

ki
' ~S i

21 J S i
21!ki 0

0 lim
nr`

1

n (
i51

n

ti
'S i

21 ti
2 +

We will denoteH2 5 Ab for easy comparison of efficiency.
Equation (5) gives a justification for using the normal assumption

based EM-algorithm to impute the missing data from a nonnormal distri-
bution. This result is necessary to study the distribution ofDu, as well as
many other applications in whichSn or PXn are used in multivariate analysis.

Now we can study the asymptotic distribution ofDu. WhenS i 5 S,
thenki 5 Dp, which is the duplication matrix as defined in Magnus and
Neudecker (1988, p. 49). Let

H1 5 S1

2
Dp
' ~S21 J S21!Dp 0

0 S21
D,

then the asymptotic distribution ofDu is given by (e.g., Browne and Arm-
inger 1995)

!n~ Du 2 u0! L
&& N~0,V Du !, (6a)
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where

V Du 5 ~ b̂ 'H1 b̂!21~ b̂ 'H1V Zb H1 b̂!~ b̂ 'H1 b̂!21 (6b)

with b̂ 5 ]b~u0!0]u0
' + A consistent estimate ofV Du can be obtained by re-

placingS by Sn, b̂ by b̂~ Du!, andV Zb by ZV Zb .Notice that the sandwich-type
covariance matrix consists of the normal theory-based covariance matrix
~ b̂ 'H1 b̂!21 on each side, which is due to the normal discrepancy function
equation (1). The middle block~ b̂ 'H1V Zb H1 b̂! accounts for the missing
information and (or) nonnormal data. Actually, for normal data without
any missing variables,V Zb 5 H1

21 andV Du 5 ~ b̂'H1 b̂!21 is just the inverse
of the normal theory-based information matrix.

We have obtained the distribution ofDu using the result in (5). An-
other way of utilizing (5) is to estimateu0 by minimizing

Qn~u! 5 ~ Zb 2 b~u!!' ZV Zb
21~ Zb 2 b~u!!+ (7)

This is a minimum chi-square method, as developed in Ferguson (1996,
ch. 23), which requires sample size to be large enough, and the number of
variables to be not too large, so thatZV Zb is invertible. A parallel approach
for obtaining parameter estimates with covariance structure analysis for
complete data was proposed by Browne (1984). With (5) and the standard
regularity conditions, the estimatorXu is consistent and asymptotically nor-
mally distributed with

!n~ Xu 2 u0! L
&& N~0,V Xu !, (8)

whereV Xu 5 ~ b̂ 'V Zb
21 b̂!21 can be consistently estimated by replacingb̂

andV Zb by b̂~ Xu! and ZV Zb respectively.
Both the estimatesDu and Xu are two-stage estimates, requiring the

initial estimate Zb. The direct normal theory MLEZu does not need to first
obtain Zb. Using the theory of PML, Arminger and Sobel (1990) gave the
asymptotic distribution of Zu,

!n~ Zu 2 u0! L
&& N~0,V Zu !, (9a)

whereV Zu 5 Au
21 Bu Au

21 with

Au 5 2 lim
nr`

1

n (
i51

n ]2l i ~u0!

]u0]u0
' , Bu 5 lim

nr`

1

n (
i51

n ]l i ~u0!

]u0

]l i ~u0!

]u0
' +

(9b)

MODELING WITH NONNORMAL MISSING DATA 173



When data are normal,Au 5 Bu , which is the normal theory information
matrix associated with the model, andV Zu 5 Au

21 so that Zu is asymptotically
fully efficient.

Now we have three methods to estimateu0. Even though all the
estimators are consistent and asymptotically normally distributed, there
exist differences in their efficiencies. When data are normally distributed,
we know that Zu is asymptotically fully efficient withV Zu 5Au

21 andV Du $ V Zu

in such a case. SinceZb is also asymptotically efficient when data are nor-
mal with V Zb 5 Ab

21 , we hope this efficiency could be inherited byXu. This
is actually true. Notice that thel i ~u! in equation (2) depends onu through
b 5 b~u!. It follows from a chain rule of differentiation

]2l i ~u!

]u]u '
5

]b '~u!

]u

]2l i ~b!

]b]b '
]b~u!

]u '
(10)

that Au 5 b̂ 'H2 b̂. It follows from (8) and (9) thatV Xu 5 V Zu for normal
distributions. When data are not normal, we cannot compare the efficiency
of Zu and Du, but Xu is asymptotically at least as efficient as eitherZu or Du. This
is shown in the following. LetY; N~j,V Zb!, wherej is a mean vector of
proper dimension, then̂b 'V Zb

21 Y regressed on̂b 'H1Y gives

E~ b̂ 'V Zb
21 Y6 b̂ 'H1Y! 5 b̂ 'V Zb

21 j 1 ~ b̂ 'H1 b̂!~ b̂ 'H1V Zb H1 b̂!21

3 b̂ 'H1~Y2 j!+ (11)

It follows from (11) that the covariance matrix of the residualb̂ 'V Zb
21 Y2

E~ b̂ 'V Zb
21 Y6 b̂ 'H1Y! is given by

b̂ 'V Zb
21 b̂ 2 ~ b̂ 'H1 b̂!~ b̂ 'H1V Zb H1 b̂!21~ b̂ 'H1 b̂!, (12)

which is at least a nonnegative definite matrix. Notice that the first term
in (12) is the inverse ofV Xu and the second term is the inverse ofV Du , it
immediately follows thatV Xu # V Du . Similarly, when sample size is large,
Xu also has a theoretical advantage overZu for general nonnormal data.

Using (5) and

]l i ~u!

]u '
5

]l i ~b!

]b '
]b~u!

]u '
, (13)

we haveBu 5 b̂ 'Bb b̂ 5 b̂ 'H2V Zb H2 b̂ and it follows that

V Zu 5 ~ b̂ 'H2 b̂!21~ b̂ 'H2V Zb H2 b̂!~ b̂ 'H2 b̂!21+ (14)
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ReplacingH1 in (12) byH2, one obtains the residual covariance matrix of
b̂ 'V Zb

21 Y regressing onb̂ 'H2Y as

b̂ 'V Zb
21 b̂ 2 ~ b̂ 'H2 b̂!~ b̂ 'H2V Zb H2 b̂!21~ b̂ 'H2 b̂!, (15)

which implies thatV Xu # V Zu + So for both normal and nonnormal data,Xu is
asymptotically at least as efficient as eitherZu or Du. The inequality inV Xu #

V Du is strict unless data are normal and complete, and the inequality inV Xu #

V Zu is strict unless data are normal. Notice that the asymptotic efficiency
possessed byXu may not hold for finite sample sizes, as was demonstrated
in Yuan and Bentler (1997b) for complete data. This implies that unless
sample size is large or data are extremely nonnormal,Zu or Du may be pref-
erable in practice.

For nonnormal data, the comparison betweenZu and Du is not so clear,
and their asymptotic efficiencies depend on the underlying sampling dis-
tribution. Notice thatH2'H1 if the number of missing casesnm,, n. From
(6b) and (14), it follows thatV Du ' V Zu in such a case. Even thoughZu is
asymptotically more efficient when data are normal, the advantage of using
the direct ML method may not be so obvious when the number of missing
cases is small compared to the sample size. Also, the direct ML approach
may need special programming (Jamshidian and Bentler 1999) while
~ PXn,Sn! can be obtained through the EM-algorithm, which is straightfor-
ward. The implication is that the two-stage method may generally be pre-
ferred in practice.

3. TEST STATISTICS

In the last section, we have shown the large sample advantage of the min-
imum chi-square estimator over both the direct ML and the two-stage es-
timators. The minimum chi-square method also automatically produces a
test statistic for evaluating the structural modelb 5 b~u!. This is because

T3 5 nQ~ Xu! L
&& xp1p*2q+ (16)

The statisticT3 is a generalization of the asymptotically distribution free
statistic proposed by Browne (1984) for the complete data case, which has
been available in several major statistical software packages (e.g., LIS-
REL, EQS).

Before we construct new test statistics associated withDu and Zu, we
would like to show that the statisticsT1 andT2 generally do not asymptot-
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ically follow chi-square distributions with nonnormal data. As character-
ized in the following Lemmas 3.1 and 3.2 whose proofs are given in the
appendix to this chapter, these statistics approach some mixtures of chi-
square distributions instead. Based on these lemmas, we propose a re-
scaled version for each of the statistics. The new rescaled statistics are
better approximated by the reference chi-square distributionxp1p*2q

2 +
We will work on the two-stage likelihood ratio test statisticT1 first.

Let

V1 5 H1 2 H1 b̂~ b̂ 'H1 b̂!21b̂ 'H1 (17)

andl j
~1! , j 5 1,{{{, p 1 p* 2 q be the nonzero eigenvalues ofV ZbV1+ The

following lemma characterizes the large sample property ofT1.

Lemma 3.1. Under some standard regularity conditions,

T1
L

&& (
j51

p1p*2q

l j
~1! xj1

2 ,

wherexj1
2 are independent chi-square random variables each with degree

of freedom 1.
So the two-stage likelihood ratio test statistic generally does not

approachxp1p*2q
2 in distribution. WhenV Zb

21 5 H1, V Zb
102 V1V Zb

102 is a pro-
jection matrix, and all thelj

~1!s are equal to 1,T1
L

&& xp1p*2q+ This is the
case with complete data sampled from a normal distribution. SinceT1 ap-
proaches a distribution of linear combination of chi-squares, and no com-
monly used distribution is available to describe the behavior of the linear
combination of chi-squares, we may rescaleT1 so that it can be better
approximated by its proposed distribution. A simple choice is to rescaleT1

to have the asymptotic meanp 1 p*2 q, giving the statistic

T1
* 5 ~ p 1 p* 2 q!T10tr~ ZV Zb ZV1!, (18)

where ZV1 is a consistent estimate ofV1. The statisticT1
* is parallel to one

proposed by Satorra and Bentler (1988, 1994) for the complete data case.
Existing empirical experience with nonnormal complete data indicates that
the distribution ofT1

* can be approximated byxp1p*2q
2 very well (Hu et al.

1992; Curran et al. 1996). More experience needs to be gained to evaluate
the performance of this statistic with missing data sets.
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In a similar way, the direct likelihood ratio statisticT2 also has a
distribution that approaches a linear combination of chi-square variates.
Let

V2 5 H2 2 H2 b̂~ b̂ 'H2 b̂!21b̂ 'H2 (19)

andl j
~2! , j 5 1,{{{, p 1 p*2 q be the nonzero eigenvalues ofV ZbV2+ Then

we have the following lemma.
Lemma 3.2. Under regularity conditions stated earlier,

T2
L

&& (
j51

p1p*2q

l j
~2! xj1

2 ,

wherexj1
2 are independent chi-square random variables each with degree

of freedom 1.
SinceV Zb 5 H2

21 when data are normal,T2 will approachxp1p*2q
2 in

this case. Generally, we may use a rescaled version of this statistic

T2
* 5 ~ p 1 p* 2 q!T20tr~ ZV Zb ZV2! (20)

in applications. As withT1
* , more experience withT2

* for different non-
normal data would be useful in guiding the application of such a statistic in
data modeling practice.

Since neitherT1 nor T2 or their rescaled versions asymptotically
follow chi-square distributions, we need to have other statistics to better
evaluate a structural model associated with the two types of ML-based
procedures. This is given in the following lemma and its derivation is
given in the appendix to this chapter.

Lemma 3.3. Let [e~u! 5 Zb 2 b~u! and

T~u! 5 n [e'~u!$ ZV Zb
21 2 ZV Zb

21 b̂~u!@ b̂ '~u! ZV Zb
21 b̂~u!#21b̂ '~u! ZV Zb

21% [e~u!+

(21)

Then under the regularity conditions stated earlier, the distributions of
bothT4 5 T~ Du! andT5 5 T~ Zu! asymptotically followxp1p*2q

2 +
When data are not normal, the improper behavior of likelihood ratio

type test statistics is well known. Within the class of elliptical distribu-
tions, Muirhead and Waternaux (1980) and Shapiro and Browne (1987)
studied rescaled versions of likelihood ratio statistics. When data are not
elliptical, the rescaled statistics may not behave properly even when sam-
ple size gets larger. However, the statisticsT4 and T5 always approach
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xp1p*2q
2 regardless of what the sampling distribution is. Actually, the re-

sult in Lemma 3.3 can also be applied to the estimatorXu, which will result
in the statisticT3 defined previously. So statisticsT4 andT5 can be regarded
as a generalization of the minimum chi-square test statistic.

We need to emphasize that the statisticsT3, T4, andT5 may not be
computable unlessZV Zb is invertable. A large sample size is usually needed
in order to get a nonsingularZV Zb , and even larger sample sizes may be
needed forT3, T4, andT5 to behave as nominal chi-squares. With complete
data,Yuan and Bentler (1997a, 1998) proposed some asymptotically equiv-
alent versions for these statistics that behave more like the nominal chi-
squares for small to medium sample sizes. It would be interesting to see a
generalization of these statistics to missing data cases in future studies.

4. STRUCTURAL EQUATION MODELING
WITH A NUISANCE MEAN

In many aspects of multivariate analysis—e.g., factor analysis and prin-
cipal components—the only interest is in covariance matrices, and the
population means are best considered to be free nuisance parameters. In
such a case, we denote the parameter in the covariance matrix asg, so the
unknown parameter vector now isu ' 5 ~g ',m' !' . In principle, the theory
developed in the last two sections also works for this case, but some of the
results can be simplified. Our purpose is to give a simplified form of the
different test statistics. We will useq to denote the number of unknown
parameters ing.

Since one still needs to estimatem in the direct ML approach, this
approach is the same even though there is no interest inm. But in the
second stage of the two-stage approach,Jg will be estimated by minimizing
the Wishart likelihood function

FWL~g! 5 tr~SnS21~g!! 2 log6SnS21~g!62 p+ (22)

So the statisticT1 is nowT15 nFWL~ Jg!. Let ZV [s 5 ZV Zb
~11! be the correspond-

ing consistent estimate of the covariance of[s, the statisticT3 now becomes
T3 5 nQ~ Yg!, where Yg is obtained by minimizing

Q~g! 5 ~ [s 2 s~g!!' ZV [s
21 ~ [s 2 s~g!!+ (23)

Similarly, the statisticT4 andT5 now becomeT4 5 T~ Jg! andT5 5 T~ [g!,
respectively, where

T~g! 5 n [e'~g!$ ZV [s
21 2 ZV [s

21 _s~g!@ _s '~g! ZV [s
21 _s~g!#21 _s '~g!V [s

21% [e~g!
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with [e~g! 5 [s 2 s~g!. Each of the statisticsT3, T4, andT5 has an asymp-
totic distributionxp*2q

2 , regardless of what the underlying distribution of
the data is. In order to get the counterparts ofT1

* andT2
* , let

W1 5
1

2
Dp
' ~S21 J S21!Dp, W2 5

1

2n (
i51

n

ki
' ~S i

21 J S i
21!ki ,

U1 5 W1 2 W1 _s~ _s 'W1 _s!21 _s 'W1, and

U2 5 W2 2 W2 _s~ _s 'W2 _s!21 _s 'W2+

Now, bothT1
* 5 ~ p* 2 q!T10tr~ ZV [s ZU1! andT2

* 5 ~ p* 2 q!T20tr~ ZV [s ZU2!
asymptotically approach mixtures of chi-square distributions, with mean
p*2 q.

When the sampling distribution is elliptical, all the estimators ofg
are asymptotically independent with the estimators ofm. It is known that
bothT1

* andT2
* asymptotically followxp*2q

2 with a complete sample from
an elliptical distribution, but we are unable to generalize this property to
the missing data case. Notice that the mean vectorm is explicitly estimated
in the direct ML approach, and it is implicitly estimated through ML as
defined in (4), even when (22) and (23) do not involve mean structures.
Althoughm is a vector of nuisance parameters, using methods other than
ML to obtain its estimate will result in bias in the parameter estimates ofg.
More detailed discussion of this aspect was given in Allison (1987).

5. IMPLEMENTATION AND NUMERICAL COMPARISON

We will use a data set from Mardia et al. (1979) to illustrate the steps in
implementing the various procedures developed in this paper and to com-
pare the effect of different missing data mechanisms and distribution con-
ditions on these procedures. Mardia et al. (1979, table 1.2.1) give test scores
of n588 students on five subjects. The five subjects are (1) Mechanics, (2)
Vectors, (3) Algebra, (4) Analysis, and (5) Statistics. The first two subjects
were tested with closed book exams and the last three were tested with
open book exams. The original design of this data set is to study if different
examination methods measure different abilities of the students. This hy-
pothesis was confirmed by Tanaka et al. (1991) with a two-factor model

X 5 m 1 Lf 1 e, and S~u! 5 LFL' 1 C, (24)

MODELING WITH NONNORMAL MISSING DATA 179



where

L 5 Sl11 l21 0 0 0

0 0 l32 l42 l52
D',

F is a correlation matrix for identification purposes andC is a diagonal
matrix. Since the interest is in the factor structure (24),m is a nuisance
parameter. So there areq 5 11 covariance parameters withu 5 ~l11,
l21,l32,l42,l52,f12,c11,c22,c33,c44,c55!. Sincep*515, the model de-
grees of freedom are 4. From this complete data set, we created the fol-
lowing missing data samples: (I) The last variable is removed 33 percent,
realized by deleting the last variable of the first case in every three cases.
So the missing data mechanism in this sample can be regarded as MCAR.
(II) To create nonresponses that are missing only at random, we remove
the last two variables if the summation of the first three scores is less than
113, which results in 17 (about 20 percent) cases with missing variables.
The sample in (II) is a simulation of the situation in which a student may
quit the later ones if he or she did not perform well on the first three tests.
The advantage here is that we have the parameter estimates for the com-
plete data, which will facilitate the comparison on biases and test statistics
of different methods. For all the missing data sets in this section, we use
divisorn21 instead ofn when computing the covariance estimates in the
M-step of the EM-algorithm, as recommended by Beale and Little (1975).

Considering that none of the current version of the standard soft-
ware contains the procedures developed here,1 we would like to outline the
necessary steps for implementing these procedures. This will be given next
before numerical comparison on these procedures with several missing
data sets.

5+1+ Implementation

For any of the procedures, the MLESn of S is needed, while PXn is also
needed if a mean structure is also of interest. They can be obtained by
setting the structured model as the saturated model in a program with the
direct ML missing data procedure (e.g., LINCS, Mplus, Mx, orAMOS), or
one can use the EM-algorithm based on normal assumptions (e.g., Little

1We would like to note that EQS 6 (Bentler, in press) will have the new missing
data procedures in its future versions.
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and Rubin 1987, sec. 8.2). A consistentZV Zb based on (5b) also has to be
computed. For the two-stage approach, theSn and PXn can be used as input
data in any of the standard programs to get parameter estimatesDu andT15
nFML~ Du!. For example, for the missing data sample (I) the factor loadings
in Du are given later in Table 2(a) andT1 5 2+69. Standard errors based on
the sandwich-type covariance matrix should be evaluated according to
(6b). If the rescaled statistic is used for inference,ZV1 based on (17) should
be evaluated, which, together withZV Zb , will lead to the statisticT1

* in (18).
For example,T1

*5 2+04 for the missing data sample (I). If the asymptotic
chi-square statisticT4 is wanted, one does not need to computeZV1, instead,
b̂~ Du! should be evaluated andT4 be obtained according to (21). For the
missing data sample (I),T4 5 1+74.

For the direct ML methodZu andT2 are available through standard
software (e.g., AMOS, LINCS, Mplus, or Mx). The sandwich-type covari-
ance matrix of Zu can be obtained by (9). If the rescaled statistic in (19) is
sought, one has to computeZV2, which together with ZV Zb will facilitate the
computation ofT2

* + As in the two-stage ML method, one has to compute
b̂~ Zu! instead of ZV2 if the asymptotic chi-square statisticT5 is wanted. For
the missing data sample (I),T2 5 1+96,T2

* 5 1+92, andT5 5 1+72, and the
corresponding factor loadings inZu are given in Table 2(a).

The minimum chi-square approach is the easiest one to implement
with a programing language such as SAS IML. WithZb and ZV Zb , Xu is just the
generalized least squares estimate with objective function (7). For the miss-
ing data sample (I),T3 5 1+72 and the factor loadings corresponding toXu
are given later in Table 2(a).

5+2+ Comparison

Previous analysis for the complete data set by Tanaka et al. (1991) indi-
cates that model (24) fits the data very well by either the likelihood
method or the minimum chi-square method. Actually, this data set basi-
cally follows a multivariate normal distribution with standardized multi-
variate skewness and kurtosis (Mardia et al. 1979, p. 148) being 3.24
and .057 respectively. Referring these two numbers to distributionsx35

2

andN~0,1! respectively, both are far from significant. So we would ex-
pect that normal theory methods also work well on missing data samples
(I) and (II). Each missing data method was used on each of the two
missing data samples. Test statistics corresponding to different methods
are given in the upper panel of Table 1. For comparison purpose, the test
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statistics for complete data are also included. None of the statistics is
statistically significant when referred tox4

2 , indicating that the proposed
model structure cannot be rejected. This suggests that all the statistics
give reliable inference when data are approximately normal and the mech-
anism of nonresponse is ignorable.

In order to further compare the different test statistics, two partially
artificial data sets were created. Letri , i 5 1,{{{, n be a sample from the
populationr 5 ~x3

2 2 3!0!6, and

Yi 5 ri ~Xi 2 E~X !!+ (25)

As E~r 2! 51, andri is independent withXi , the covariance structure ofYi

is

cov~Y! 5 E~YY' ! 2 E~Y!E~Y ' ! 5 E~r 2!E @~Xi 2 E~X !!~Xi 2 E~X !!' #

5 cov~X !

which is the same as that of the original sampleXi . Applying the transfor-
mation (25) to each of the missing data samples (I) and (II) respectively,
we obtain two more missing data samples (III) and (IV).2 Notice that the
nonresponses in sample (III) are still completely at random; and the non-
responses in (IV) are still at random. However, since some of theri will be

2To permit anyone to further study samples (III) and (IV) in this example, we
would like to note that the sampling fromx3

2 was created by 23 rangam(seed, 1.5) in
SAS IML with initial seed5 1234567, where the first 50 random variables were dis-
carded in order to minimize the effects of the arbitrariness of the initial seed.

TABLE 1
Various Test Statistics with Normal and Nonnormal Data

Under Different Missing Mechanisms

Samples T1 T2 T1
* T2

* T3 T4 T5

Complete Data 2.07 2.07 2.13 2.13 2.01 1.98 1.98
(I) 2.69 1.96 2.04 1.92 1.72 1.74 1.72
(II) 1.10 .81 .12 .11 .85 .85 .85

Complete Data 42.23 42.23 7.80 7.80 4.14 4.11 4.11
(III) 40.68 35.66 5.64 6.42 3.79 3.82 3.97
(IV) 50.34 37.71 7.34 7.04 2.88 3.04 3.18
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negative, the nonresponses in sample (IV) will not represent the scores
whose first three variables are the lowest. Also, sinceE~r 4! 5 7, we can
not expect that the sampleYi in either (III) or (IV) is normally distributed
any more.Actually, the standardized Mardia’s multivariate kurtosis for the
transformed complete sample is 29.60, which is highly significant when
referred toN~0,1!. So, theoretically, the normal assumption based methods
cannot give reliable inference. Each of the methods was applied to samples
(III) and (IV). Results are presented in the lower panel of Table 1. When
referring tox4

2 , bothT1 andT2 are significant in either sample (III) or (IV),
indicating incorrect rejection of a reasonable model. However, as ex-
pected, all the other statistics behave very stably and none is significant,
yielding the correct conclusion that the proposed model is acceptable. Ac-
tually, all the statistics for the two missing data samples behave similarly
to their counterparts for the complete data.

Even though we do not know the true population parameters in this
example, we know the estimates for the complete sample and also the
missing data mechanism for each missing data set. The difference between
estimates based on the complete sample and the corresponding population
value is because of sampling error. The differences between parameter
estimates based on the complete sample and those based on missing data
samples are because of loss of efficiency and possible bias due to missing
data. Comparing the parameter estimates by different missing data meth-
ods with those by complete data will give us valuable information on pos-
sible biases. For this, we list only the factor loading estimates in Table 2 to
save space, whereu0 andu1 are respectively the MLE and minimum chi-
square estimates based on the complete data. Notice that when applying
the two-stage and the direct ML methods to the complete data we have
u0 5 Du 5 Zu, which are generally different fromu1 5 Xu, because they are
obtained from fitting different objective functions. Based on distributions
and missing data mechanisms of samples (I) to (IV), we know that theo-
retically there are no biases for estimates in Table 2 (a) and estimates for
sample (III) in Table 2 (b). Discrepancies among different estimates are
due to sampling errors or finite sample effects. For easy comparison, the
largest discrepancyD * between parameter estimates for each missing data
sample and those for the complete sample are given; an asterisk is used to
indicate the specific parameter estimate. Contrasting theD *s for sample
(II) with those for sample (I) in Table 2 (a), we may notice a little bit larger
D * for MAR data than those for MCAR data due to a finite sample effect.
This phenomenon will also be observed in the next section. Comparing the
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D * for sample (IV) with those for sample (III), one cannot observe greater
discrepancies for MAR data than those for MCAR data. From the above
comparison we conclude that there is no noticeable bias in MLE based on
the wrongly specified distribution for the missing data sample (IV) whose
missing data mechanism is MAR.

6. BIAS IN NORMAL THEORY MLE
FOR NONNORMAL DATA

Through Monte Carlo, we will continue to study the bias associated with
mean and covariance parameters in normal theory-based likelihood esti-
mates when data are not normal. For simplicity and without loss of gen-
erality, we choosep 5 2, m1 5 m2 5 0, s11 5 s22 5 1, ands12 5 s21 5 r

TABLE 2
Estimates of Parameters by Different Methods

(a) Normal Data

Complete Data (I) (II)

u u0 u1 Du Zu Xu Du Zu Xu
l11 12.18 12.53 12.15 12.21 12.43 12.25 12.26 12.31
l21 10.32 10.25 10.47 10.42 10.34 10.39 10.37 10.32
l32 9.78 9.71 9.69 9.80 9.74 10.14 10.13 10.01
l42 11.42 11.47 11.64 11.48 11.40 *13.22 *13.42 *13.88
l52 12.45 12.64 *11.79 *11.60 *11.38 13.50 13.49 13.90

D * 2.66 2.85 21.26 1.80 2.00 2.14

(b) Nonnormal Data

Complete Data (III) (IV)

u u0 u1 Du Zu Xu Du Zu Xu
l11 12.28 13.55 12.58 12.91 13.50 12.79 12.98 14.42
l21 10.78 9.61 10.64 10.37 10.00 10.47 10.32 9.30
l32 9.15 8.35 9.52 10.08 8.54 9.90 10.15 9.18
l42 14.51 12.15 14.61 14.36 12.12 *16.55 *18.09 *13.52
l52 12.41 12.78 *10.10 *8.74 *10.76 12.53 11.49 13.18

D * 22.13 23.67 22.02 2.04 3.58 1.37

Note: u0 5 Du 5 Zu is the MLE based on the complete data;u1 5 Xu is the minimum
chi-square estimate based on the complete data;D * is the largest discrepancy between parameter
estimates for each missing data sample and those for the complete sample.
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with r 5 +5 and .9, respectively. Letx1 be always observed with sample
size N. Only N1 cases are observed forx2 according to a missing data
mechanism. The biases in parameter estimates ofm andS can be obtained
by comparing the estimates with the population values. Based on Ander-
son (1957), there exist analytical solutions for the parameter estimates if a
normal distribution assumption is assumed, thus no iteration is necessary
for this simple design. Notice that if there is no bias in the parameter es-
timates Zb defined in (4), then there will be no bias in parameter estimates
of u0. So all possible biases should be reflected inZb. Without loss of gen-
erality, our interest is in the possible bias inZb. Due to a saturated model,
parameter estimates for the three estimation methods are identical.

Let e1 ande2 be independent standardized random variables, the
joint distribution of~x1, x2! is generated through

x1 5 e1, x2 5!12 r2e2 1 re1+

For different distribution conditions, we choosee1 as N~0,1! and e1 5
~x5

2 2 5!0!10 respectively for symmetric and skewed distributions. Since
estimates ofm1 ands11 are based on complete samples, we would like to
create more distributional conditions forx2 to study the possible biases in
estimates ofm2, s22, andr. For each of thee1, e2 is generated respectively
from five distributions:

N~0,1!;
the standardizedt-distributiont50!503;
the standardized uniform distribution~U~0,1! 2 102!0!1012;
the standardized chi-square distribution~x3

3 2 3!0!6;
and the standardized lognormal distribution~exp~z! 2 exp~102!!0
!e~e2 1!, wherez; N~0,1!.

This design creates a variety of skewnesses and kurtoses in the variablex2

as given in Table 3. A very severe departure from normality occurs in the
case wheree1 follows N~0,1! ande2 follows lognormal(0,1); the skewness
and kurtosis ofx2 are respectively 4+02 and 62.40 withr 5 +5. Similarly,
whene1 is x5

2 with lognormale2, skewness and kurtosis are equally large.
All three missing data mechanisms—MCAR, MAR and NMAR—

are included. For comparison purposes, we also include a complete sample
for each of the distribution conditions. Since we are interested in possible
large sample biases of the MLEs with an incorrect distributional assump-
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tion, we chooseN 5 1000 for the complete data case andN 5 1000 and
2000 for each of the missing data cases. The MCAR mechanism is created
by removingx2 in every even numbered case. Whenx1; N~0,1! the MAR
mechanism is realized by removing the correspondingx2 whenx1 , 0; and
for x1 following the standardizedx5

2 , the MAR mechanism is realized by
removingx2 whenx1 is greater than its population median. So for both
MCAR and MAR, the missing percentage is about 50 percent. The NMAR
mechanism depends on the actual observation ofx2 whose median is not
straightforward to obtain. This mechanism was created by removingx2 if
it is less than 0 whenx1 ; N~0,1! or if it is greater than the median ofx1

whenx1 follows the standardizedx5
2 + For each distribution condition, the

average number of observations onx2 for each of the NMAR samples is
reported in Tables 4 and 5.

For each of the designed conditions, 500 replications are used. Since
estimates ofm1 ands11 are just the sample mean and sample variance of
x1, which is completely observed, the asymptotic bias can only be ob-
served on estimates ofu 5 ~m2,s22,r!' . Let u~i ! be the estimate ofu in
the i th replication and Nu 5 (i51

500 u~i !0500, then typical bias is calculated
as Nu 2 u0. Since our interest is in contrasting the biases of MLEs from
a misspecified distribution for MAR data with MLEs that are known to
have zero systematic bias, the biases in Tables 4 and 5 are calculated
according to

Bias5 ~ Nu 2 u0!'~ Nu 2 u0!+ (26)

TABLE 3
Skewness and Kurtosis ofx2

r 5 +5 r 5 +9

Datae1 & e2 Skewness Kurtosis Skewness Kurtosis

N(0,1) & N(0,1) 0.00 0.00 0.00 0.00
N(0,1) & t5 0.00 3.37 0.00 0.22
N(0,1) & U(0,1) 0.00 20.67 0.00 20.04
N(0,1) & x3

2 1.06 2.25 0.14 0.14
N(0,1) & LN(0,1) 4.02 62.40 0.51 4.00
x5

2 & N(0,1) 0.16 0.15 0.92 1.57
x5

2 & t5 0.16 3.52 0.92 1.79
x5

2 & U(0,1) 0.16 20.52 0.92 1.53
x5

2 & x3
2 1.22 2.40 1.06 1.72

x5
2 & LN(0,1) 4.18 62.55 1.43 5.58
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TABLE 4
Variance and Bias (r 5 .5)

(a) ~N 5 1000!

Complete MCAR MAR NMAR

Datae1 & e2 Var 3103 Bias3106 Var 3103 Bias3106 Var 3103 Bias3106 N1 Var 3103 Bias3106

N(0,1) & N(0,1) 4.22 1.59 7.34 1.55 17.28 26.16 500 2.36 9.84
N(0,1) & t5 6.87 4.01 12.35 2.83 21.67 15.41 500 5.77 8.67
N(0,1) & U(0,1) 3.73 3.86 6.51 8.21 16.32 42.85 500 1.69 11.01
N(0,1) & x3

2 6.36 5.79 12.17 1.72 19.07 6.42 434 10.49 9.97
N(0,1) & LN(0,1) 83.17 3.76 88.86 101.40 218.79 85.97 414 420.73 9.55
x5

2 & N(0,1) 4.78 1.57 7.71 21.07 41.29 75.51 427 2.83 13.01
x5

2 & t5 7.78 2.58 13.68 76.15 46.11 52.00 421 10.76 12.15
x5

2 & U(0,1) 4.54 10.41 7.36 11.77 40.62 82.61 435 1.66 13.49
x5

2 & x3
2 7.18 38.22 12.12 56.38 42.45 110.89 492 1.20 11.09

x5
2 & LN(0,1) 70.06 6.47 76.99 436.57 241.07 409.17 507 1.20 9.06

(b) ~N 5 2000!

MCAR MAR NMAR

Datae1 & e2 Var 3103 Bias3106 Var 3103 Bias3106 N1 Var 3103 Bias3106

N(0,1) & N(0,1) 3.78 15.03 7.49 .90 1000 1.27 9.83
N(0,1) & t5 6.50 9.47 9.68 4.34 1001 2.99 8.65
N(0,1) & U(0,1) 3.22 2.28 7.34 5.32 999 .87 10.99
N(0,1) & x3

2 6.08 4.76 9.14 2.45 868 5.27 9.97
N(0,1) & LN(0,1) 56.92 68.23 87.00 101.23 828 159.10 9.47
x5

2 & N(0,1) 3.82 9.87 21.99 69.66 854 1.42 13.02
x5

2 & t5 6.85 17.56 23.07 20.76 842 4.84 12.12
x5

2 & U(0,1) 3.70 9.17 22.11 27.34 868 .87 13.49
x5

2 & x3
2 6.71 10.31 20.94 71.95 985 .63 11.10

x5
2 & LN(0,1) 57.51 484.27 88.32 9.00 1015 .60 9.05

Note: N1 5 N for complete data;N1 5 N02 for MCAR data;N1 ' N02 for MAR data.
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TABLE 5
Variance and Bias~ r 5 +9!

(a) ~N 5 1000!

Complete MCAR MAR NMAR

Datae1 & e2 Var 3103 Bias3106 Var 3103 Bias3106 Var 3103 Bias3106 N1 Var 3103 Bias3106

N(0,1) & N(0,1) 4.70 10.26 5.87 7.91 10.18 8.86 500 5.25 3.10
N(0,1) & t5 4.83 9.16 5.99 7.71 10.38 7.96 500 6.03 2.84
N(0,1) & U(0,1) 4.86 7.64 5.85 5.00 10.46 7.92 500 4.79 3.24
N(0,1) & x3

2 4.65 9.46 5.72 3.81 8.83 .92 493 6.50 3.67
N(0,1) & LN(0,1) 9.59 21.75 10.63 54.42 21.83 17.36 488 25.04 2.70
x5

2 & N(0,1) 7.76 5.78 8.95 13.23 24.61 8.15 473 5.28 7.33
x5

2 & t5 8.62 2.13 9.80 4.71 24.54 4.56 475 8.30 7.07
x5

2 & U(0,1) 8.83 31.16 10.04 28.29 25.06 90.26 470 4.39 7.70
x5

2 & x3
2 8.53 63.50 9.62 64.47 23.57 44.04 485 5.47 4.03

x5
2 & LN(0,1) 11.84 13.27 13.31 81.72 37.32 19.04 495 6.32 2.06

(b) ~N 5 2000!

MCAR MAR NMAR

Datae1 & e2 Var 3103 Bias3106 Var 3103 Bias3106 N1 Var 3103 Bias3106

N(0,1) & N(0,1) 3.10 9.90 4.62 3.63 999 2.61 3.10
N(0,1) & t5 3.21 6.47 4.74 3.09 999 3.00 2.84
N(0,1) & U(0,1) 2.93 2.04 4.75 3.20 999 2.31 3.24
N(0,1) & x3

2 2.92 .53 4.29 3.31 985 3.08 3.71
N(0,1) & LN(0,1) 6.25 22.00 9.55 4.84 976 11.34 2.66
x5

2 & N(0,1) 4.53 2.37 13.31 9.21 945 2.61 7.32
x5

2 & t5 4.01 .53 11.45 .92 950 3.49 7.09
x5

2 & U(0,1) 4.78 24.13 12.96 45.28 940 2.09 7.69
x5

2 & x3
2 4.98 23.63 11.55 6.39 970 2.84 4.00

x5
2 & LN(0,1) 7.94 59.11 17.92 2.94 991 3.21 2.04

Note: N1 5 N for complete data;N1 5 N02 for MCAR data;N1 ' N02 for MAR data.
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It is obvious that any large discrepancy betweenNu andu0 will be reflected
in (26). As sampling variation influences the accuracy of an estimate, we
also calculated the sample variance of the estimates among the 500 repli-
cations according to

Var 5
1

500(
i51

500

~u~i ! 2 Nu!'~u~i ! 2 Nu!+ (27)

Table 4 gives the bias and variance corresponding to each condition
for r 5 +5. Since theoretically there is no asymptotic bias with complete
data and MCAR data, the biases reflected by the second and fourth col-
umns of Table 4 (a) and the second column of Table 4 (b) reflect only a
finite sample effect. Because of a correct distribution assumption, the cor-
responding biases for the conditione1 & e2 beingN~0,1! and the missing
data mechanism being MAR in Table 4 also reflect the finite sample effect.
We may notice that this effect can be quite large even for complete sam-
ples. We will mainly compare biases under MAR and MCAR since both
are based on approximately equal sample sizes. From Table 4 (a) we may
notice that with the normal sample, the bias under MAR is about 17 times
that under MCAR, even though all this is due to a finite sample effect.
Similarly, for the normal sample, the variance under MAR is also several
times that under MCAR. This indicates that estimates based on MAR data
may not be as accurate as estimates based on complete data and MCAR
data even though the distributional assumption is correct. A similar pro-
portion of inaccuracy can be observed when the distributional assumption
is incorrect. For example, forN~0,1! & t5 andN~0,1! & U~0,1!, biases
under MAR are about five times those of MCAR; for conditionsN~0,1! &
x3

2 andx5
2 & N~0,1!, the biases under MAR are about four times those

corresponding to MCAR. For nonnormal data, the largest proportion oc-
curs with x5

2 & U~0,1! where the bias corresponding to MAR is about
seven times that of MCAR. It is important to note, however, that this is still
smaller than that for the normal data. Actually, for conditionsN~0,1! &
LN~0,1!, x5

2 & t5, andx5
2 & LN~0,1!, the biases under MAR are smaller

than those under MCAR, even though these distributions are quite differ-
ent from normal.

In the last two columns of Table 4 (a) are the variances and biases
for data that are NMAR. Regardless of the actual observed sample sizes
and the underlying distribution of the data, the bias in the estimates are
about 104 to 105 times of those when data are MCAR or MAR. Even
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though the maximum-likelihood procedure may perform better than an ad
hoc procedure such as listwise deletion (e.g., Schafer 1997, sec. 2.5.2),
with an average of about ten times the standard error, the magnitude of
biases may render inference on parameters meaningless.

Turning to Table 4 (b), except for a particular phenomenon that for
normal data the bias under MAR is much smaller than that under MCAR,
which may be due to a finite sample effect, the comparison of biases cor-
responding to MCAR, MAR, and NMAR is similar to those in Table 4 (a).
The results forr 5 +9 corresponding to different conditions are given in
Table 5, where similar comparisons can be found as withr 5 +5 in Table 4.
We may also notice from both Tables 4 and 5 with data being MAR and
MCAR that larger biases generally go with larger variances. This may
indicate that differences between different finite sample estimators may
only reflect different efficiencies and not especially biases.

We may conclude from the above comparison that, if there is any
large sample bias with normal theory MLE for some commonly encoun-
tered nonnormal distributions in practice, the bias is not large enough to
worry about. This is rather fortunate since in practice almost any distribu-
tional assumption with high dimensional data is likely to be incorrect.

7. DISCUSSION

Since not many multivariate distributions are available to describe the non-
normality of practical data, the normal distribution assumption is com-
monly used with the analysis of nonnormal missing data in mean and
covariance structure analysis. Unfortunately, this generally leads to inac-
curate inferences about model structure. We propose several new proce-
dures that do not need any specific distribution assumptions. Statistical
development and numerical examples illustrate the merit of procedures
that are newly developed over those that are based on a normality assump-
tion. By dropping this assumption, one has to assume the missing data
mechanism is MCAR according to Laird (1988) and Rotnitzky and Wypij
(1994). We may need to reemphasize that using a normal distribution and
a MAR missing data mechanism leads to the same parameter estimates as
using an unknown distribution and a MCAR missing data mechanism.
Fortunately, our simulation results and examples do not indicate notice-
able biases for nonnormal data that are MAR. Taking into consideration
the analytical and empirical results, we make the following recommenda-
tions: Use the minimum chi-square method for inference when sample size
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is large; use the direct or the two-stage methods with the rescaled statistics
for model inference and sandwich-type covariance matrices for standard
errors when sample size is medium. The small sample problem is still open
even for complete normal data (e.g., Bentler and Yuan 1999).

When facing a missing data set with nonnormal distributions,
we can consider another possible approach: model the data with a multi-
variatet-distribution, as developed in Little (1988). However, according to
Gourieroux et al. (1984), even when data are MCAR, imputation based on
such a distribution may not yield consistent estimates of the population
covariances unless the data truly follow the multivariatet-distribution.
The practical aspect of this inconsistency may not be so serious, as was
observed in Lange et al. (1989).

In our development of methods for nonnormal missing data, the
focus has been on extending and correcting maximum-likelihood–based
methods. Of course, ad hoc methods have been used in data analysis for
decades and provide another option in handling incomplete data. These
include mean imputation, listwise deletion, pairwise computations, hot
deck imputation as well as more recently developed methods such as
similar response pattern imputation. In these approaches, a modified data
set or a covariance matrix is created that subsequently can be analyzed
by any existing standard method designed for complete data. An advan-
tage of these approaches is that they are relatively practical to imple-
ment; indeed such methods for dealing with incomplete data can be found
in most well-known statistical program packages. Furthermore, nonnor-
mality can be routinely handled when an imputed data matrix is ana-
lyzed with a distribution-free method. These methods are all appropriate
when the amount of missing data is extremely small. However, there
exist several drawbacks of these nonprincipled methods. For example,
listwise deletion can render a longitudinal study with few cases left, re-
sulting in grossly inefficient estimates (e.g., Brown 1994). When the miss-
ing data mechanism is MAR, existing simulation results indicate that
listwise deletion causes parameter estimates to be biased even for nor-
mal data (Little and Rubin 1987; Schafer 1997). Similarly, a recent study
with a confirmatory factor analysis model by Marsh (1998) indicates
that the pairwise computation method leads to substantially biased test
statistics, depending on the percent of missing data and its interaction
with sample size. On the other hand, the simulation results in the last
section imply that there is no noticeable bias even for MLE based on a
wrongly specified distribution when the missing data are MAR.
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In addition to likelihood-based methods, the multiple imputation
technique developed by Rubin (1987) has showed its potential in handling
incomplete data problems. In this method each missing value in a data set
is replaced by a vector ofm simulated values, thus creatingm complete
data sets that agree with the original incomplete data set on the observed
values. Then each of them imputed data sets is analyzed using a standard
complete data routine and the result of the complete data analyses are
combined to make inference. Because multiple imputation can remove the
difficulty of modeling missing data mechanisms and the computational
complications of incomplete data, a variety of multiple imputation tech-
niques have been developed recently (e.g., see Meng 1994; Rubin 1996;
Schafer 1997). Extending these techniques to mean and covariance struc-
ture analysis would be highly valuable. Due to the typical nonnormality of
social science data, however, any such an extension still remains a chal-
lenge. For example, when complete data exhibit heterogeneous marginal
skewness and kurtosis, it is nearly impossible to find a correct model to
generate multiple imputations that conform with the randomness of the
missing values. Suppose one uses a model based on the normal distribu-
tion to generate the imputed values, then the consequences of replacing the
missing values by normal variables on the combined results is not clear
(e.g., Rubin 1996; Schafer 1997). As discussed in the introduction, non-
normality is a problem not just with missing data. Even with a complete
nonnormal data set, rescaled and generalized least squares type of statis-
tics or recently developed bootstrap techniques (e.g., Bollen and Stine
1993; Yung and Bentler 1996) may have to be used in order to obtain
reliable model evaluation.

In spite of our development, additional technical problems for struc-
tural equation modeling with missing data remain to be studied in future
research. For example, the asymptotic efficiency characterized in Sec-
tion 3 may not hold for all finite sample sizes. Also, even though the
statisticsT3, T4, andT5 are asymptotically distribution free, their small
sample behavior may not be well described by a chi-square distribution.
Furthermore, ZV Zb may not be of full rank for smaller sample sizes with a
largep. We may have to turn to the statisticsT1

* orT2
* in such a case, though

these are generally not distributed as chi-square even for large sample
sizes. More research is necessary for these small sample inference issues
to be fully addressed.Another problem is related to the missing data mech-
anism. Even though the ML-based procedure has little bias when the
missing data mechanism is ignorable, MAR is still a strong assumption in
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practice. It is necessary to develop procedures for dealing with missing
data that are NMAR for safer inferences with mean and covariance struc-
ture analysis.

Finally, our experience with missing data is limited. The procedures
developed in this paper are subject to more empirical verification and mod-
ification.

APPENDIX

Proof of Lemma 3.1: Using a Taylor expansion onF~ Du!, we have

F~ Du! 5 F~u0! 1
]F~u0!

]u0
' ~ Du 2 u0! 1

1

2
~ Du 2 u0!'

]2F~ Nun!

] Nun] Nun
' ~ Du 2 u0!,

(A1)

where Nun lies betweenu0 and Du. Using an equation from Muirhead (1982,
eq. 15, p. 363),

2log6SnS21 6 5 tr~I 2 SnS21! 1
1

2
tr~I 2 SnS21!2 1 OpS 1

n302D+
So

F~u0! 5
1

2
tr~I 2 SnS21!2 1 ~ PXn 2 m!'S21~ PXn 2 m! 1 OpS 1

n302D
5 ~ Zb 2 b0!'H1~ Zb 2 b0! 1 OpS 1

n302D+ (A2)

It follows from direct calculations that

!n
]F~u0!

]u0
5 22b̂ 'H1!n~ Zb 2 b0! 1 op~1!, (A3)

]2F~ Nun!

] Nun] Nun
'

p
&& 2b̂ 'H1 b̂, (A4)

and

!n~ Du 2 u0! 5 ~ b̂ 'H1 b̂!21b̂ 'H1!n~ Zb 2 b0! 1 op~1!+ (A5)
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By putting (A2) to (A5) into (A1) we obtain

T1 5 !n~ Zb 2 b0!'$H1 2 H1 b̂~ b̂ 'H1 b̂!21b̂ 'H1%!n~ Zb 2 b0! 1 op~1!+

(A6)

Lemma 3.1 follows from (A6).
Proof of Lemma 3.2: Using Taylor expansions onl ~ Zb! andl ~ Zu! at

b0 andu0 respectively, we obtain

l ~ Zb! 5 l ~b0! 1
]l ~b0!

]b0
' ~ Zb 2 b0! 2

n

2
~ Zb 2 b0!'Ab~ Zb 2 b0! 1 op~10n!

(A7)

and

l ~ Zu! 5 l ~u0! 1
]l ~u0!

]u0
' ~ Zu 2 u0! 2

n

2
~ Zu 2 u0!'Au~ Zu 2 u0! 1 op~10n!,

(A8)

where we have used (5) and (10), respectively. Similarly, using a Taylor
expansion on]l ~ Zb!0] Zb 5 0 and]l ~ Zu!0] Zu 5 0, we have

!n~ Zb 2 b0! 5 Ab
21

1

!n (
i51

n ]l i ~b0!

]b0
1 op~1! (A9)

and

!n~ Zu 2 u0! 5 Au
21

1

!n (
i51

n ]l i ~u0!

]u0
1 op~1!+ (A10)

Using (12) on the right-hand side of (A10), it follows from (A9) and (A10)
that

!n~ Zu 2 u0! 5 Au
21 b̂ '

1

!n (
i51

n ]l i ~b0!

]b0
1 op~1!

5 Au
21 b̂ 'Ab!n~ Zb 2 b0! 1 op~1!+ (A11)
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From (A9) to (A11), we also get the following relations

1

!n (
i51

n ]l i ~b0!

]b0
5 Ab!n~ Zb 2 b0! 1 op~1!; (A12)

1

!n (
i51

n ]l i ~u0!

]u0
5 b̂ 'Ab!n~ Zb 2 b0!1op~1!+

SinceAu 5 b̂ 'Ab b̂, l ~b0! 5 l ~u0! andT25 2~l ~ Zb! 2 l ~ Zu!!, it follows from
(A7) to (A12) that

T2 5 n~ Zb 2 b0!'$Ab 2 Ab b̂~ b̂ 'Ab b̂!21b̂ 'Ab%~ Zb 2 b0! 1 op~1!

and the lemma follows by recalling thatH2 5 Ab .
Proof of Lemma 3.3: Since the proofs forT4 andT5 are the same, we

outline only the proof forT5. First notice thatb̂ is a~ p1p* !3q matrix for
which Ẑb 5 b̂~ Zu! is a consistent estimate. LetẐbc be a full column rank~ p1
p* ! 3 ~ p 1 p* 2 q! matrix whose columns are orthogonal to those ofẐb,
then Ẑbc

p
&& b̂c. It follows from (A11) that

!n~ Zb 2 b~ Zu!! 5 !n$@ Zb 2 b0# 2 @b~ Zu! 2 b~u0!#%

5 !n$@ Zb 2 b0# 2 b̂~ Zu 2 u0!% 1 op~1!

5 $I 2 b̂~ b̂ 'Ab b̂!21b̂ 'Ab%!n~ Zb 2 b0! 1 op~1!,

and

T5 5 n [e'~ Zu! Ẑbc$ Ẑbc
' ZV Zb Ẑbc%21 Ẑbc

' [e'~ Zu!

5 !n@ b̂c
' ~ Zb 2 b0!# '~ b̂c

'V Zb b̂c!21!n@ b̂c
' ~ Zb 2 b0!# 1 op~1!

L
&& xp1p*2q

2

The lemma follows from the equality

Ẑbc~ Ẑbc
' ZV Zb Ẑbc!21 Ẑbc

' 5 ZV Zb
21 2 ZV Zb

21 Ẑb~ Ẑb ' ZV Zb
21 Ẑb!21 Ẑb ' ZV Zb

21

which is from lemma 1 of Khatri (1966).
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